
random stepped surfaces 
the hidden geometry of 

Richard Kenyon (Yale)
<latexit sha1_base64="nk+5qLntFDRdai6LVmbqo7DdQus=">AAAB/nicbVA9SwNBEN3zM8avU7GyWQxCbMJdLLSSgI1gE8V8SBLC3t4kWbK3e+zuCeEI+FdsLBSx9XfY+W/cS1Jo4oOBx3szzMwLYs608bxvZ2l5ZXVtPbeR39za3tl19/brWiaKQo1KLlUzIBo4E1AzzHBoxgpIFHBoBMOrzG88gtJMinsziqETkb5gPUaJsVLXPbxjdEBUiG9AjKTAxQfC4bTrFrySNwFeJP6MFNAM1a771Q4lTSIQhnKidcv3YtNJiTKMchjn24mGmNAh6UPLUkEi0J10cv4Yn1glxD2pbAmDJ+rviZREWo+iwHZGxAz0vJeJ/3mtxPQuOikTcWJA0OmiXsKxkTjLAodMATV8ZAmhitlbcRYGocYmlrch+PMvL5J6ueSflcq35ULlchZHDh2hY1REPjpHFXSNqqiGKErRM3pFb86T8+K8Ox/T1iVnNnOA/sD5/AHpKZTI</latexit>





Here �(s, t) =
p
1 + s2 + t2 is the “surface tension”.

<latexit sha1_base64="hbIWrsfLsami1o1nr8JwVmMHyEY="></latexit>

min
h

ZZ

U

q
1 + h2

x + h2
y dx dy

<latexit sha1_base64="wxXfGoIhvdAleK9rAtgbGGH8UMI="></latexit>

Minimize area:
<latexit sha1_base64="izy/JBD+GJHR3RdsQHqxbKt0pTk=">AAAB+HicbVDLSgMxFL3js9ZHR126CRbBVZmpC8WFFNy4ESrYB7RDyaSZNjTJDElGaId+iRsXirj1U9z5N6btLLT1QOBwzj3cmxMmnGnjed/O2vrG5tZ2Yae4u7d/UHIPj5o6ThWhDRLzWLVDrClnkjYMM5y2E0WxCDlthaPbmd96okqzWD6acUIDgQeSRYxgY6WeWyreM8kEm1CEbe6655a9ijcHWiV+TsqQo95zv7r9mKSCSkM41rrje4kJMqwMI5xOi91U0wSTER7QjqUSC6qDbH74FJ1ZpY+iWNknDZqrvxMZFlqPRWgnBTZDvezNxP+8TmqiqyBjMkkNlWSxKEo5MjGatYD6TFFi+NgSTBSztyIyxAoTY7sq2hL85S+vkma14l9U/IdquXaT11GAEziFc/DhEmpwB3VoAIEUnuEV3pyJ8+K8Ox+L0TUnzxzDHzifP8Qhkn0=</latexit>

Re

✓Z
f(z)(1� g(z)2) dz, i

Z
f(z)(1 + g(z)2) dz,

Z
f(z)g(z)dz

◆

Weierstrass-Enneper parameterization of minimal surfaces

...
<latexit sha1_base64="eovm0ZYyi/sq4F9zpAzio2X0IQI=">AAAB63icbVBNS8NAEJ3Urxq/qh69LBbBU0jqQU9S8OKxgv2ANpTNdtMu3d2E3Y1QQv+CFw+KePUPefPfuGlz0NYHA4/3ZpiZF6WcaeP7305lY3Nre6e66+7tHxwe1Y5POjrJFKFtkvBE9SKsKWeStg0znPZSRbGIOO1G07vC7z5RpVkiH80spaHAY8liRrApJNfzvGGt7nv+AmidBCWpQ4nWsPY1GCUkE1QawrHW/cBPTZhjZRjhdO4OMk1TTKZ4TPuWSiyoDvPFrXN0YZURihNlSxq0UH9P5FhoPROR7RTYTPSqV4j/ef3MxDdhzmSaGSrJclGccWQSVDyORkxRYvjMEkwUs7ciMsEKE2PjcW0IwerL66TT8IIrL3ho1Ju3ZRxVOINzuIQArqEJ99CCNhCYwDO8wpsjnBfn3flYtlaccuYU/sD5/AF/Oo0z</latexit>

Let f, g be (arbitrary) analytic functions, then
<latexit sha1_base64="+AHCS9uuGeUF2GUbjUlJJ7Xvh60=">AAACGnicbVA9SwNBFNzzM8avqKXNYhQUJNzFQisRbCwsIhgNxCDvNu+Sxb29Y/edcAR/h41/xcZCETux8d+4F1NodGBhmJn3ljdhqqQl3//0JianpmdmS3Pl+YXFpeXKyuqFTTIjsCkSlZhWCBaV1NgkSQpbqUGIQ4WX4c1x4V/eorEy0eeUp9iJoadlJAWQk64rwSkS34x2e5s8RL4NJpRkwOQ7HDSonKTgUaZFEba7nProZqp+zR+C/yXBiFTZCI3ryvtVNxFZjJqEAmvbgZ9SZwDGLVd4V77KLKYgbqCHbUc1xGg7g+Fpd3zLKV0eJcY9TXyo/pwYQGxtHocuGQP17bhXiP957Yyig85A6jQj1OL7oyhTnBJe9MS70qAglTsCwsiiCNEHA4Jcm2VXQjB+8l9yUa8Fe7X6Wb16dDiqo8TW2QbbZgHbZ0fshDVYkwl2zx7ZM3vxHrwn79V7+45OeKOZNfYL3scXCf6fqg==</latexit>

parameterizes a minimal surface in R3.
<latexit sha1_base64="xI2UNgHHHmi4Qa9AtpXIwWkmig8=">AAACHHicbVDLTgIxFO3gC/GFunTTCCauyAwsdGVI3LhEI48EkHTKHWhoO5O2Y4ITPsSNv+LGhca4cWHi31hgFgqepMnJOfem5x4/4kwb1/12Miura+sb2c3c1vbO7l5+/6Chw1hRqNOQh6rlEw2cSagbZji0IgVE+Bya/uhy6jfvQWkWylszjqAryECygFFirNTLVyKiiAADij2AxgQLJpkgHOtYBYQCZhIXk44gZuj7+GZyVymWevmCW3JnwMvES0kBpaj18p+dfkhjAdJQTrRue25kuglRhlEOk1wn1hAROiIDaFsqbSDdTWbHTfCJVfo4CJV90uCZ+nsjIULrsfDt5DSlXvSm4n9eOzbBeTdhMooNSDr/KIg5NiGeNoX7TAE1fGwJoYrZrJgObVvUlqVztgRv8eRl0iiXvEqpfF0uVC/SOrLoCB2jU+ShM1RFV6iG6oiiR/SMXtGb8+S8OO/Ox3w046Q7h+gPnK8fqiWhBg==</latexit>

h : R2 ! R
<latexit sha1_base64="FkXoPQ5IFkbwrfrxmUDmS+mhXlY=">AAACBnicbVDLSgMxFM3UV62vUZciBIvgqsy0C8WFFty4rGIf0BlLJk3b0EwyJBmhDF258VfcuFDEreAfuPNvzEy7qK0HAifn3Mu99wQRo0o7zo+VW1peWV3Lrxc2Nre2d+zdvYYSscSkjgUTshUgRRjlpK6pZqQVSYLCgJFmMLxK/eYDkYoKfqdHEfFD1Oe0RzHSRurYh4PzxAuRHgQBvB3flz0tZv4du+iUnAxwkbhTUrz8qmSodexvrytwHBKuMUNKtV0n0n6CpKaYkXHBixWJEB6iPmkbylFIlJ9kZ4zhsVG6sCekeVzDTJ3tSFCo1CgMTGW6oZr3UvE/rx3r3pmfUB7FmnA8GdSLGdQCppnALpUEazYyBGFJza4QD5BEWJvkCiYEd/7kRdIol9xKqXzjFKsXYII8OABH4AS44BRUwTWogTrA4BE8g1fwZj1ZL9a79TEpzVnTnn3wB9bnL7dlmtY=</latexit>



“Lozenge” tilings
<latexit sha1_base64="prc/w+MbpXs6SGiT/hNwQbGnME4=">AAAB+3icbVC7TsMwFHV4lvIKZWSxWiExVUkZYEKVWBgYikQfUhu1jnuTWnWcyHYQJeqvsDCAECs/wsbf4LYZoOVIVzo651773uMnnCntON/W2vrG5tZ2Yae4u7d/cGgflVoqTiWFJo15LDs+UcCZgKZmmkMnkUAin0PbH1/P/PYDSMVica8nCXgRCQULGCXaSH27NBjcxk8gQihjzcwroerbFafqzIFXiZuTCsrR6NtfvWFM0wiEppwo1XWdRHsZkZpRDtNiL1WQEDomIXQNFSQC5WXz3af41ChDHMTSlNB4rv6eyEik1CTyTWdE9EgtezPxP6+b6uDSy5hIUg2CLj4KUo51jGdB4CGTQDWfGEKoZGZXTEdEEqpNXEUTgrt88ipp1aruebV2V6vUr/I4CugEldEZctEFqqMb1EBNRNEjekav6M2aWi/Wu/WxaF2z8plj9AfW5w+pIJQt</latexit>



lozenge tilings are stepped surfaces
<latexit sha1_base64="ETFf3v2F7coyQGXgZl7fuhVdITg=">AAACDXicbVC7SgNBFJ2NrxhfUUubwShYhd1YaCUBG8sI5gFJCLOzd5Mhs7PLzF0hLvkBG3/FxkIRW3s7/8bJo9DEAxcO59w7c+/xEykMuu63k1tZXVvfyG8WtrZ3dveK+wcNE6eaQ53HMtYtnxmQQkEdBUpoJRpY5Eto+sPrid+8B21ErO5wlEA3Yn0lQsEZWqlXPJHxA6g+UBT2ib6hTAM1CEkCATWpDhkH0yuW3LI7BV0m3pyUyBy1XvGrE8Q8jUAhl8yYtucm2M2YRsEljAud1EDC+JD1oW2pYhGYbja9ZkxPrRLQMNa2FNKp+nsiY5Exo8i3nRHDgVn0JuJ/XjvF8LKbCZWkCIrPPgpTSTGmk2hoIDRwlCNLGNfC7kr5gGnG0QZYsCF4iycvk0al7J2XK7eVUvVqHkeeHJFjckY8ckGq5IbUSJ1w8kieySt5c56cF+fd+Zi15pz5zCH5A+fzB9qnnAg=</latexit>

What happens for large system size?
<latexit sha1_base64="BewevTCbKpmUDwwR2qkZiQIlA7g=">AAACDHicbVC7TsNAEDzzJrwClDQnIiSqyA4FVIBEQxkk8pBChNaXdXzifLbu1kjBygfQ8Cs0FCBEywfQ8TdcHgWvqUYzs9rdCTMlLfn+pzczOze/sLi0XFpZXVvfKG9uNW2aG4ENkarUtEOwqKTGBklS2M4MQhIqbIU3ZyO/dYvGylRf0iDDbgJ9LSMpgJx0Xa60YiAeQ5ahtjxKDVdg+sjtwBIm3Mo7PHEpv+qPwf+SYEoqbIr6dfnjqpeKPEFNQoG1ncDPqFuAISkUDktXucUMxA30seOohgRttxg/M+R7TumNL4lSTXysfp8oILF2kIQumQDF9rc3Ev/zOjlFR91C6iwn1GKyKMoVp5SPmuE9aVCQGjgCwkh3KxcxGBDk+iu5EoLfL/8lzVo1OKjWLmqV0+NpHUtsh+2yfRawQ3bKzlmdNZhg9+yRPbMX78F78l69t0l0xpvObLMf8N6/AEXAmxs=</latexit>



Dimer cover of a graph:

perfect matching of the vertices.

The Dimer Model



Dimers on honeycomb lattice
<latexit sha1_base64="ItMjMLZMgSuLrlCO2U1brJeV3ys=">AAACBHicbVC7SgNBFJ2NrxhfUcs0g0GwCrux0EoCWlhGMA9IQpid3CRD5rHMzArLksLGX7GxUMTWj7Dzb5wkW2jigQuHc+6dufeEEWfG+v63l1tb39jcym8Xdnb39g+Kh0dNo2JNoUEVV7odEgOcSWhYZjm0Iw1EhBxa4eR65rceQBum5L1NIugJMpJsyCixTuoXSzdMOBsricdKQkKVCDEn1jIK/WLZr/hz4FUSZKSMMtT7xa/uQNFYgLSUE2M6gR/ZXkq0e43DtNCNDUSETsgIOo5KIsD00vkRU3zqlAEeKu1KWjxXf0+kRBiTiNB1CmLHZtmbif95ndgOL3spk1FsQdLFR8OYY6vwLBE8YBqo5YkjhGrmdsV0TDSh1gVTcCEEyyevkma1EpxXqnfVcu0qiyOPSugEnaEAXaAaukV11EAUPaJn9IrevCfvxXv3PhatOS+bOUZ/4H3+AIjKmAI=</latexit>



Thm[Kasteleyn 1965] For G a part of the honeycomb graph, let K be the
bipartite adjacency matrix,

Kwb =

(
1 b ⇠ w

0 else.

Then | detK| is the number of dimer covers.
<latexit sha1_base64="KRK7tE8CPWSOZ0uBWN3O6fnEZsg="></latexit>

Example: K is 12⇥ 12; detK = 20.
<latexit sha1_base64="3P00Ke3FwLXCuJxC+RJ75PBsUKU=">AAACF3icbVDJSgNBEO1xjXGLevRSmBE8DTPjQVGUgAiCFwUThSSEnk5FG3sWumvEEPwLL/6KFw+KeNWbf2NnObg9KHi8V0VVvShT0pDvfzpj4xOTU9OFmeLs3PzCYmlpuWbSXAusilSl+iLiBpVMsEqSFF5kGnkcKTyPrg/6/vkNaiPT5Iy6GTZjfpnIjhScrNQqeYe3PM4U7oB77II04AZhg2SMBoLQ3QW30UaCY4A9CH3Xa5XKvucPAH9JMCJlNsJJq/TRaKcijzEhobgx9cDPqNnjmqRQeFds5AYzLq75JdYtTbjd3OwN/rqDdau0oZNqWwnBQP0+0eOxMd04sp0xpyvz2+uL/3n1nDrbzZ5MspwwEcNFnVwBpdAPCdpSoyDVtYQLLe2tIK645oJslEUbQvD75b+kFnrBpheehuXK/iiOAltla2yDBWyLVdgRO2FVJtg9e2TP7MV5cJ6cV+dt2DrmjGZW2A84718RuJrK</latexit>



Proof:
<latexit sha1_base64="4zhldmrWqy7xCzTZ2/K3bXL3BL0=">AAAB83icbVBNSwMxEJ34WetX1aOXYBE8ld16UDxIwYvHCvYDukvJptk2NJssSVYoS/+GFw+KePXPePPfmLZ70NYHA4/3ZpiZF6WCG+t532htfWNza7u0U97d2z84rBwdt43KNGUtqoTS3YgYJrhkLcutYN1UM5JEgnWi8d3M7zwxbbiSj3aSsjAhQ8ljTol1UpAHUYybWqn4ZtqvVL2aNwdeJX5BqlCg2a98BQNFs4RJSwUxpud7qQ1zoi2ngk3LQWZYSuiYDFnPUUkSZsJ8fvMUnztlgGOlXUmL5+rviZwkxkySyHUmxI7MsjcT//N6mY2vw5zLNLNM0sWiOBPYKjwLAA+4ZtSKiSOEau5uxXRENKHWxVR2IfjLL6+Sdr3mX9bqD/Vq47aIowSncAYX4MMVNOAemtACCik8wyu8oQy9oHf0sWhdQ8XMCfwB+vwBqwGRbA==</latexit>

detK =
X

�2Sn

(�1)�kw1b�(1)
kw2b�(2)

. . . kwnb�n

<latexit sha1_base64="6W7xRXHkvN94q+lQCEpBA1kHdUk="></latexit>



Large random tilings seem to have a “shape”
<latexit sha1_base64="9j37agNs3omgpdVgeUxhok0jGzU=">AAACFXicbVC7SgNBFJ2Nrxhfq5Y2Q4JgIWE3FlpJwMbCIoJ5QBKSu5ObZMjs7DIzGwghP2Hjr9hYKGIr2Pk3Th6FJh4YOHPuY+acIBZcG8/7dlJr6xubW+ntzM7u3v6Be3hU0VGiGJZZJCJVC0Cj4BLLhhuBtVghhIHAajC4mdarQ1SaR/LBjGJshtCTvMsZGCu13PM7UD2kCmQnCqnhdk9PU41oLxHtwxAp0HZb9yHGbMvNeXlvBrpK/AXJkQVKLfer0YlYEqI0TIDWdd+LTXMMynAmcJJpJBpjYAPoYd1SCSHq5njmakJPrdKh3UjZIw2dqb8nxhBqPQoD2xmC6evl2lT8r1ZPTPeqOeYyTgxKNn+om4ip4WlEtMMVMiNGlgBT3P6Vsj4oYMYGmbEh+MuWV0mlkPcv8oX7Qq54vYgjTU5IlpwRn1ySIrklJVImjDySZ/JK3pwn58V5dz7mrSlnMXNM/sD5/AEw1J4s</latexit>



A typical surface lies close
to a certain nonrandom surface

<latexit sha1_base64="YZE4hjTPWCBbOq/G5fDEB8UzMy0="></latexit>



Thm[Cohn,K,Propp (2000)] The function h : R ! R describing the limit
shape is the unique minimizer of the surface tension integral

Lozenge tiling limit shape

min
h

ZZ

R
�(hx, hy) dx dy

<latexit sha1_base64="JC5oRbucZO+EsKz9LN7x/J9leqE=">AAACD3icbVA9SwNBEN2LX/H8OrW0WQxKxBDuFNRKAjaWKsYEcuHY2+zlluzuHbt74nHYWdr4RyxsLBSxtbXz37hJLPx6MPB4b4aZeWHKqNKu+2GVJianpmfKs/bc/MLikrO8cqGSTGLSxAlLZDtEijAqSFNTzUg7lQTxkJFWODga+q1LIhVNxLnOU9LlqC9oRDHSRgqcTdvnVASxT6nQwRn0Fe1zVI2Dq1oc5Ft+rXdlKg+cilt3R4B/ifdFKo29p8ebaPv+JHDe/V6CM06Exgwp1fHcVHcLJDXFjFzbfqZIivAA9UnHUIE4Ud1i9M813DBKD0aJNCU0HKnfJwrElcp5aDo50rH67Q3F/7xOpqODbkFFmmki8HhRlDGoEzgMB/aoJFiz3BCEJTW3QhwjibA2EdomBO/3y3/JxU7d2617pyaNQzBGGayBdVAFHtgHDXAMTkATYHALHsATeLburEfrxXodt5asr5lV8APW2ydrr59R</latexit>

0.0
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The surface tension �(s, t)

.
<latexit sha1_base64="xJ4ZqNf6sZpy7jiOp/bmCEh2IGY=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgddzFQisJ2FgmYD4gOcLeZpKs2ds7dveEcOQX2FgoYutPsvPfuEmu0MQHA4/3ZpiZFyaCa+N5305hY3Nre6e4W9rbPzg8Kh+ftHScKoZNFotYdUKqUXCJTcONwE6ikEahwHY4uZv77SdUmsfywUwTDCI6knzIGTVWarj9csVzvQXIOvFzUoEc9X75qzeIWRqhNExQrbu+l5ggo8pwJnBW6qUaE8omdIRdSyWNUAfZ4tAZubDKgAxjZUsaslB/T2Q00noahbYzomasV725+J/XTc3wJsi4TFKDki0XDVNBTEzmX5MBV8iMmFpCmeL2VsLGVFFmbDYlG4K/+vI6aVVd/8qtNqqV2m0eRxHO4BwuwYdrqME91KEJDBCe4RXenEfnxXl3PpatBSefOYU/cD5/AHWLjLA=</latexit>

= volH3(ideal tetrahedron with dihedral angles (⇡s,⇡t,⇡(1� s� t)))
<latexit sha1_base64="Z9m4sd7MZeWhHNhcyzr1l5KUYvE="></latexit><latexit sha1_base64="gwSUcruK3NFzKBO43FLeUOm3LIQ="></latexit><latexit sha1_base64="gwSUcruK3NFzKBO43FLeUOm3LIQ="></latexit><latexit sha1_base64="gwSUcruK3NFzKBO43FLeUOm3LIQ="></latexit><latexit sha1_base64="ArJRVBHlUiyXCVxYqSedkuT0fto="></latexit>

�(s, t)
<latexit sha1_base64="M7To+P9/GlcqV/JIEoba/CMFwf0=">AAAB8nicbVDLSgNBEJyNrxhfUY+CDAYhgoTdeNCTBLx4jGAesFnC7GQ2GTI7s8z0CmHJZ3gwB0W8+jXe/Bsnj4MmFjQUVd10d4WJ4AZc99vJra1vbG7ltws7u3v7B8XDo6ZRqaasQZVQuh0SwwSXrAEcBGsnmpE4FKwVDu+mfuuJacOVfIRRwoKY9CWPOCVgJb9jeD8mZXMJF91iya24M+BV4i1IqXb6MsWk3i1+dXqKpjGTQAUxxvfcBIKMaOBUsHGhkxqWEDokfeZbKknMTJDNTh7jc6v0cKS0LQl4pv6eyEhszCgObWdMYGCWvan4n+enEN0EGZdJCkzS+aIoFRgUnv6Pe1wzCmJkCaGa21sxHRBNKNiUCjYEb/nlVdKsVryrSvXBpnGL5sijE3SGyshD16iG7lEdNRBFCj2jV/TmgDNx3p2PeWvOWcwcoz9wPn8Az6WUqg==</latexit>



s =density of green
t =density of blue

for each slope (s, t) there is an associated growth rate (entropy) ��(s, t):
<latexit sha1_base64="Eswh/ZqTlmUkUflJzSq1QvJWhIw="></latexit><latexit sha1_base64="Eswh/ZqTlmUkUflJzSq1QvJWhIw="></latexit><latexit sha1_base64="Eswh/ZqTlmUkUflJzSq1QvJWhIw="></latexit><latexit sha1_base64="Eswh/ZqTlmUkUflJzSq1QvJWhIw="></latexit><latexit sha1_base64="Eswh/ZqTlmUkUflJzSq1QvJWhIw="></latexit>

(Number of tilings) = e�Area·�(s,t)(1+o(1))
<latexit sha1_base64="zbz1Bzm/HYw6hYuNw9afRLBVsWY="></latexit><latexit sha1_base64="WXnr+2fIXZkrPtpa34isdNJBi/A="></latexit><latexit sha1_base64="WXnr+2fIXZkrPtpa34isdNJBi/A="></latexit>

<latexit sha1_base64="WXnr+2fIXZkrPtpa34isdNJBi/A="></latexit><latexit sha1_base64="GQweeJjGSJK7y4plK17LE7OdxZc="></latexit>

1� s� t =density of red
<latexit sha1_base64="/PnKQoz0dsZFc8elux8M85dh8tY=">AAACAHicbVA9SwNBEN2LXzF+RS0sbBYTwSbhLo02SsDGMoL5gCSEvb25ZMne3rE7J4SQxr9iY6GIrT/Dzn/j5qPQxAcDj/dmmJnnJ1IYdN1vJ7O2vrG5ld3O7ezu7R/kD48aJk41hzqPZaxbPjMghYI6CpTQSjSwyJfQ9Ie3U7/5CNqIWD3gKIFuxPpKhIIztFIvf1L0SqaE9LoYgDICRzQOqYagly+4ZXcGukq8BSmQBWq9/FcniHkagUIumTFtz02wO2YaBZcwyXVSAwnjQ9aHtqWKRWC649kDE3pulYCGsbalkM7U3xNjFhkzinzbGTEcmGVvKv7ntVMMr7pjoZIUQfH5ojCVFGM6TYMGQgNHObKEcS3srZQPmGYcbWY5G4K3/PIqaVTKnlv27iuF6s0ijiw5JWfkgnjkklTJHamROuFkQp7JK3lznpwX5935mLdmnMXMMfkD5/MHVvyU8g==</latexit><latexit sha1_base64="/PnKQoz0dsZFc8elux8M85dh8tY=">AAACAHicbVA9SwNBEN2LXzF+RS0sbBYTwSbhLo02SsDGMoL5gCSEvb25ZMne3rE7J4SQxr9iY6GIrT/Dzn/j5qPQxAcDj/dmmJnnJ1IYdN1vJ7O2vrG5ld3O7ezu7R/kD48aJk41hzqPZaxbPjMghYI6CpTQSjSwyJfQ9Ie3U7/5CNqIWD3gKIFuxPpKhIIztFIvf1L0SqaE9LoYgDICRzQOqYagly+4ZXcGukq8BSmQBWq9/FcniHkagUIumTFtz02wO2YaBZcwyXVSAwnjQ9aHtqWKRWC649kDE3pulYCGsbalkM7U3xNjFhkzinzbGTEcmGVvKv7ntVMMr7pjoZIUQfH5ojCVFGM6TYMGQgNHObKEcS3srZQPmGYcbWY5G4K3/PIqaVTKnlv27iuF6s0ijiw5JWfkgnjkklTJHamROuFkQp7JK3lznpwX5935mLdmnMXMMfkD5/MHVvyU8g==</latexit><latexit sha1_base64="/PnKQoz0dsZFc8elux8M85dh8tY=">AAACAHicbVA9SwNBEN2LXzF+RS0sbBYTwSbhLo02SsDGMoL5gCSEvb25ZMne3rE7J4SQxr9iY6GIrT/Dzn/j5qPQxAcDj/dmmJnnJ1IYdN1vJ7O2vrG5ld3O7ezu7R/kD48aJk41hzqPZaxbPjMghYI6CpTQSjSwyJfQ9Ie3U7/5CNqIWD3gKIFuxPpKhIIztFIvf1L0SqaE9LoYgDICRzQOqYagly+4ZXcGukq8BSmQBWq9/FcniHkagUIumTFtz02wO2YaBZcwyXVSAwnjQ9aHtqWKRWC649kDE3pulYCGsbalkM7U3xNjFhkzinzbGTEcmGVvKv7ntVMMr7pjoZIUQfH5ojCVFGM6TYMGQgNHObKEcS3srZQPmGYcbWY5G4K3/PIqaVTKnlv27iuF6s0ijiw5JWfkgnjkklTJHamROuFkQp7JK3lznpwX5935mLdmnMXMMfkD5/MHVvyU8g==</latexit><latexit sha1_base64="/PnKQoz0dsZFc8elux8M85dh8tY=">AAACAHicbVA9SwNBEN2LXzF+RS0sbBYTwSbhLo02SsDGMoL5gCSEvb25ZMne3rE7J4SQxr9iY6GIrT/Dzn/j5qPQxAcDj/dmmJnnJ1IYdN1vJ7O2vrG5ld3O7ezu7R/kD48aJk41hzqPZaxbPjMghYI6CpTQSjSwyJfQ9Ie3U7/5CNqIWD3gKIFuxPpKhIIztFIvf1L0SqaE9LoYgDICRzQOqYagly+4ZXcGukq8BSmQBWq9/FcniHkagUIumTFtz02wO2YaBZcwyXVSAwnjQ9aHtqWKRWC649kDE3pulYCGsbalkM7U3xNjFhkzinzbGTEcmGVvKv7ntVMMr7pjoZIUQfH5ojCVFGM6TYMGQgNHObKEcS3srZQPmGYcbWY5G4K3/PIqaVTKnlv27iuF6s0ijiw5JWfkgnjkklTJHamROuFkQp7JK3lznpwX5935mLdmnMXMMfkD5/MHVvyU8g==</latexit><latexit sha1_base64="/PnKQoz0dsZFc8elux8M85dh8tY=">AAACAHicbVA9SwNBEN2LXzF+RS0sbBYTwSbhLo02SsDGMoL5gCSEvb25ZMne3rE7J4SQxr9iY6GIrT/Dzn/j5qPQxAcDj/dmmJnnJ1IYdN1vJ7O2vrG5ld3O7ezu7R/kD48aJk41hzqPZaxbPjMghYI6CpTQSjSwyJfQ9Ie3U7/5CNqIWD3gKIFuxPpKhIIztFIvf1L0SqaE9LoYgDICRzQOqYagly+4ZXcGukq8BSmQBWq9/FcniHkagUIumTFtz02wO2YaBZcwyXVSAwnjQ9aHtqWKRWC649kDE3pulYCGsbalkM7U3xNjFhkzinzbGTEcmGVvKv7ntVMMr7pjoZIUQfH5ojCVFGM6TYMGQgNHObKEcS3srZQPmGYcbWY5G4K3/PIqaVTKnlv27iuF6s0ijiw5JWfkgnjkklTJHamROuFkQp7JK3lznpwX5935mLdmnMXMMfkD5/MHVvyU8g==</latexit>

Alternatively, give tiles weights a, b, c depending on orientation.
<latexit sha1_base64="i9xKiwEW391ij40slkq325ZQ3H4="></latexit>

Then choose a tiling with probability proportional to its weight aNabNbcNc .
<latexit sha1_base64="3g6+337+6rFr+ngBfGXoGdH1oPU="></latexit>



{ <latexit sha1_base64="ikBvtVv+N2jm9OuD9UQSPxp4BHk=">AAAB6XicdVBNS8NAEJ3Ur1q/qh69LBbBU0nS0taLFLx4rGI/oA1ls920SzebsLsRSug/8OJBEa/+I2/+GzdtBRV9MPB4b4aZeX7MmdK2/WHl1tY3Nrfy24Wd3b39g+LhUUdFiSS0TSIeyZ6PFeVM0LZmmtNeLCkOfU67/vQq87v3VCoWiTs9i6kX4rFgASNYG+l2kA6LJbt80ai51Rqyy7Zdd1wnI269WqkixygZSrBCa1h8H4wikoRUaMKxUn3HjrWXYqkZ4XReGCSKxphM8Zj2DRU4pMpLF5fO0ZlRRiiIpCmh0UL9PpHiUKlZ6JvOEOuJ+u1l4l9eP9FBw0uZiBNNBVkuChKOdISyt9GISUo0nxmCiWTmVkQmWGKiTTgFE8LXp+h/0nHLTqXs3ril5uUqjjycwCmcgwN1aMI1tKANBAJ4gCd4tqbWo/VivS5bc9Zq5hh+wHr7BPsNjaU=</latexit>

How is � calculated?
<latexit sha1_base64="UxHIjKCZbgCK8Q4TW2m+DYC5yeM=">AAACBHicbVA9TwJBEN3DL8SvU0uajWBiRe6w0EpJbCgxkY8ELmRub4ENe3uX3T0NuVDY+FdsLDTG1h9h579xgSsUfMkkL+/NZGaeH3OmtON8W7m19Y3Nrfx2YWd3b//APjxqqSiRhDZJxCPZ8UFRzgRtaqY57cSSQuhz2vbHNzO/fU+lYpG405OYeiEMBRswAtpIfbtYjx4wU7jcU2wYQhkT4CThoGlw3bdLTsWZA68SNyMllKHRt796QUSSkApNOCjVdZ1YeylIzQin00IvUTQGMoYh7RoqIKTKS+dPTPGpUQI8iKQpofFc/T2RQqjUJPRNZwh6pJa9mfif10304NJLmYgTTQVZLBokHOsIzxLBAZOUaD4xBIhk5lZMRiCBaJNbwYTgLr+8SlrVinteqd5WS7WrLI48KqITdIZcdIFqqI4aqIkIekTP6BW9WU/Wi/VufSxac1Y2c4z+wPr8ATBGlyc=</latexit>

is the Legendre dual of F
<latexit sha1_base64="c4pt83coSL/h/LU+mqGQfzvN9o4=">AAACBHicbVA9SwNBEN3zM8avU8s0i4lgFe5ioZUEBLGwiGA+IDnC3t5csmRv79jdE8KRwsa/YmOhiK0/ws5/4ya5QhMfDDzem2Fmnp9wprTjfFsrq2vrG5uFreL2zu7evn1w2FJxKik0acxj2fGJAs4ENDXTHDqJBBL5HNr+6Grqtx9AKhaLez1OwIvIQLCQUaKN1LdLTGE9BHwLAxCBBBykhOM4xJXrSt8uO1VnBrxM3JyUUY5G3/7qBTFNIxCacqJU13US7WVEakY5TIq9VEFC6IgMoGuoIBEoL5s9McEnRglwGEtTQuOZ+nsiI5FS48g3nRHRQ7XoTcX/vG6qwwsvYyJJNQg6XxSmHOsYTxPBAZNANR8bQqhk5lZMh0QSqk1uRROCu/jyMmnVqu5ZtXZXK9cv8zgKqISO0Sly0TmqoxvUQE1E0SN6Rq/ozXqyXqx362PeumLlM0foD6zPH22dlqM=</latexit>

First compute the “free energy” F (the normalized log-of-determinant).
<latexit sha1_base64="GfwBorGcPy9bkLyaKQzz/1FiL4A="></latexit>

F (a, b, c) =
1

4⇡2

ZZ

[0,2⇡]2
log(a+ bei✓ + cei�) d✓ d�

<latexit sha1_base64="1RHa8FdVTn334GDEKm+ZATZNHyI="></latexit>

eigenvalues of K
<latexit sha1_base64="A+N3MjhYjA+IMjdF595TMkhlWlo=">AAAB+3icdVBdSwJBFJ3t0+zL7LGXIQ16kt1V1F5C6CXoxSA/QEVmx7s6ODu7zMxKIv6VXnoootf+SG/9m2bVoKIOXDiccy/33uNFnClt2x/W2vrG5tZ2aie9u7d/cJg5yjZVGEsKDRryULY9ooAzAQ3NNId2JIEEHoeWN75K/NYEpGKhuNPTCHoBGQrmM0q0kfqZLLAhiAnhMSgc+jh/k+9ncnbholp2S2VsF2y74rhOQtxKqVjCjlES5NAK9X7mvTsIaRyA0JQTpTqOHenejEjNKId5uhsriAgdkyF0DBUkANWbLW6f4zOjDLAfSlNC44X6fWJGAqWmgWc6A6JH6reXiH95nVj71d6MiSjWIOhykR9zrEOcBIEHTALVfGoIoZKZWzEdEUmoNnGlTQhfn+L/SdMtOMWCe+vmaperOFLoBJ2ic+SgCqqha1RHDUTRPXpAT+jZmluP1ov1umxds1Yzx+gHrLdPMiCT3w==</latexit>

�(s, t) = �F (a, b, c) + (1� s� t) log(a) + s log(b) + t log(c)
<latexit sha1_base64="PRE6q0+eGc4TckEpDgwfZbG47S0="></latexit>



a
<latexit sha1_base64="yNvyrBItUedRFZ8qXr5A/DVOFmY=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LLaCp5LUg56k4MVjBVsLbSibzaZdutmE3U2hhPwTLx4U8eo/8ea/cZvmoK0PBh7vzezsPD/hTGnH+bYqG5tb2zvV3dre/sHhkX180lNxKgntkpjHsu9jRTkTtKuZ5rSfSIojn9Mnf3q38J9mVCoWi0c9T6gX4bFgISNYG2lk29mweCSTNMgbuJGP7LrTdAqgdeKWpA4lOiP7axjEJI2o0IRjpQauk2gvw1IzwmleG6aKJphM8ZgODBU4osrLiqU5ujBKgMJYmhIaFerviQxHSs0j33RGWE/UqrcQ//MGqQ5vvIyJJNVUkOWiMOVIx2gRAwqYpETzuSGYSGb+isgES0y0CatmQnBXT14nvVbTvWq2Hlr19m0ZRxXO4BwuwYVraMM9dKALBGbwDK/wZmXWi/VufSxbK1Y5cwp/YH3+AJRHk5g=</latexit>

0
<latexit sha1_base64="IJ7rCpA8FIJm5MBpou5NdtuzX+g=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5ioZUEbCwTMB+QHGFvM5es2ds7dveEcOQX2FgoYutPsvPfuEmu0MQHA4/3ZpiZFySCa+O6305hY3Nre6e4W9rbPzg8Kh+ftHWcKoYtFotYdQOqUXCJLcONwG6ikEaBwE4wuZv7nSdUmsfywUwT9CM6kjzkjBorNd1BueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVu6rWmrVK/TaPowhncA6X4ME11OEeGtACBgjP8ApvzqPz4rw7H8vWgpPPnMIfOJ8/eJOMsg==</latexit>

{ <latexit sha1_base64="ikBvtVv+N2jm9OuD9UQSPxp4BHk=">AAAB6XicdVBNS8NAEJ3Ur1q/qh69LBbBU0nS0taLFLx4rGI/oA1ls920SzebsLsRSug/8OJBEa/+I2/+GzdtBRV9MPB4b4aZeX7MmdK2/WHl1tY3Nrfy24Wd3b39g+LhUUdFiSS0TSIeyZ6PFeVM0LZmmtNeLCkOfU67/vQq87v3VCoWiTs9i6kX4rFgASNYG+l2kA6LJbt80ai51Rqyy7Zdd1wnI269WqkixygZSrBCa1h8H4wikoRUaMKxUn3HjrWXYqkZ4XReGCSKxphM8Zj2DRU4pMpLF5fO0ZlRRiiIpCmh0UL9PpHiUKlZ6JvOEOuJ+u1l4l9eP9FBw0uZiBNNBVkuChKOdISyt9GISUo0nxmCiWTmVkQmWGKiTTgFE8LXp+h/0nHLTqXs3ril5uUqjjycwCmcgwN1aMI1tKANBAJ4gCd4tqbWo/VivS5bc9Zq5hh+wHr7BPsNjaU=</latexit>

F (a, b, c) =
1

4⇡2

ZZ

[0,2⇡]2
log(a+ bei✓ + cei�) d✓ d�

<latexit sha1_base64="1RHa8FdVTn334GDEKm+ZATZNHyI="></latexit>

eigenvalues of K
<latexit sha1_base64="A+N3MjhYjA+IMjdF595TMkhlWlo=">AAAB+3icdVBdSwJBFJ3t0+zL7LGXIQ16kt1V1F5C6CXoxSA/QEVmx7s6ODu7zMxKIv6VXnoootf+SG/9m2bVoKIOXDiccy/33uNFnClt2x/W2vrG5tZ2aie9u7d/cJg5yjZVGEsKDRryULY9ooAzAQ3NNId2JIEEHoeWN75K/NYEpGKhuNPTCHoBGQrmM0q0kfqZLLAhiAnhMSgc+jh/k+9ncnbholp2S2VsF2y74rhOQtxKqVjCjlES5NAK9X7mvTsIaRyA0JQTpTqOHenejEjNKId5uhsriAgdkyF0DBUkANWbLW6f4zOjDLAfSlNC44X6fWJGAqWmgWc6A6JH6reXiH95nVj71d6MiSjWIOhykR9zrEOcBIEHTALVfGoIoZKZWzEdEUmoNnGlTQhfn+L/SdMtOMWCe+vmaperOFLoBJ2ic+SgCqqha1RHDUTRPXpAT+jZmluP1ov1umxds1Yzx+gHrLdPMiCT3w==</latexit>

There is a special point (✓,�) where a+ bei✓ + cei� = 0.
<latexit sha1_base64="LCct/xBpld2JlX5XYAEyYm1vf/w="></latexit>

0
<latexit sha1_base64="IJ7rCpA8FIJm5MBpou5NdtuzX+g=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5ioZUEbCwTMB+QHGFvM5es2ds7dveEcOQX2FgoYutPsvPfuEmu0MQHA4/3ZpiZFySCa+O6305hY3Nre6e4W9rbPzg8Kh+ftHWcKoYtFotYdQOqUXCJLcONwG6ikEaBwE4wuZv7nSdUmsfywUwT9CM6kjzkjBorNd1BueJW3QXIOvFyUoEcjUH5qz+MWRqhNExQrXuemxg/o8pwJnBW6qcaE8omdIQ9SyWNUPvZ4tAZubDKkISxsiUNWai/JzIaaT2NAtsZUTPWq95c/M/rpSa88TMuk9SgZMtFYSqIicn8azLkCpkRU0soU9zeStiYKsqMzaZkQ/BWX14n7VrVu6rWmrVK/TaPowhncA6X4ME11OEeGtACBgjP8ApvzqPz4rw7H8vWgpPPnMIfOJ8/eJOMsg==</latexit>

1
<latexit sha1_base64="Aulpfhy149ryRHZUNrxGT/XeNZE=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVdhNCq00YGOZgLlAsoTZydlkzOzsMjMrhJAnsLFQxNZX8Q3sfBsnmxSa+MPAx/+fw5xzgkRwbVz321lb39jc2s7t5Hf39g8OC0fHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmd56xGV5rG8N+ME/YgOJA85o8Zada9XKLolNxNZBW8BxZvPSqZar/DV7ccsjVAaJqjWHc9NjD+hynAmcJrvphoTykZ0gB2Lkkao/Uk26JScW6dPwljZJw3J3N8dExppPY4CWxlRM9TL2cz8L+ukJrzyJ1wmqUHJ5h+FqSAmJrOtSZ8rZEaMLVCmuJ2VsCFVlBl7m7w9gre88io0yyWvUirX3WL1GubKwSmcwQV4cAlVuIMaNIABwhO8wKvz4Dw7b877vHTNWfScwB85Hz9yMI7l</latexit>

z = � b

a
ei✓

<latexit sha1_base64="3A7AFFN3tKXTTBD0mWFiK+B1zqg=">AAACAnicbVDLSgNBEJz1GeMr6km8LAbBi2E3CnpRBC8eFYwGsmuYnfQmQ2YfzPQKcVlE8CP8AS8eFPEmfoWe/AgP/oGTx0GjBQ1FVTfdXV4suELL+jBGRsfGJyZzU/npmdm5+cLC4qmKEsmgwiIRyapHFQgeQgU5CqjGEmjgCTjz2gdd/+wCpOJReIKdGNyANkPuc0ZRS/XC8uXuhuNLylIvS2kG5yl3sAVIs3qhaJWsHsy/xB6Q4v7Wy/Xt1/vnUb3w5jQilgQQIhNUqZptxeimVCJnArK8kyiIKWvTJtQ0DWkAyk17L2TmmlYaph9JXSGaPfXnREoDpTqBpzsDii017HXF/7xagv6Om/IwThBC1l/kJ8LEyOzmYTa4BIaiowllkutbTdaiOhDUqeV1CPbwy3/Jablkb5bKxzqNPdJHjqyQVbJObLJN9skhOSIVwsgVuSMP5NG4Me6NJ+O53zpiDGaWyC8Yr9+hxJy+</latexit>

a
<latexit sha1_base64="PvAaFnx7iRFtuyGdDNDqPqcNaYY=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVdhNCq00YGOZgLlAsoTZydlkzOzsMjMrhJAnsLFQxNZX8Q3sfBsnmxSa+MPAx/+fw5xzgkRwbVz321lb39jc2s7t5Hf39g8OC0fHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmd56xGV5rG8N+ME/YgOJA85o8ZaddorFN2Sm4msgreA4s1nJVOtV/jq9mOWRigNE1Trjucmxp9QZTgTOM13U40JZSM6wI5FSSPU/iQbdErOrdMnYazsk4Zk7u+OCY20HkeBrYyoGerlbGb+l3VSE175Ey6T1KBk84/CVBATk9nWpM8VMiPGFihT3M5K2JAqyoy9Td4ewVteeRWa5ZJXKZXrbrF6DXPl4BTO4AI8uIQq3EENGsAA4Qle4NV5cJ6dN+d9XrrmLHpO4I+cjx+68I8V</latexit>

bei✓
<latexit sha1_base64="MPeGe8glvDK4s/cCw8g2TnJz+yw=">AAAB83icdVDLSgNBEJz1GeMr6tHLYBA8hZkENF404MVjBJMISZTZSScZMvtgplcIS37DiwdFvPoV/oE3/8bZREFFCxqKqm66u/xYK4uMvXtz8wuLS8u5lfzq2vrGZmFru2mjxEhoyEhH5soXFrQKoYEKNVzFBkTga2j5o7PMb92CsSoKL3EcQzcQg1D1lRTopI4P16nq4BBQTG4KRVZijHHOaUb40SFz5Pi4WuZVyjPLoXj6WpmiflN46/QimQQQotTC2jZnMXZTYVBJDZN8J7EQCzkSA2g7GooAbDed3jyh+07p0X5kXIVIp+r3iVQE1o4D33UGAof2t5eJf3ntBPvVbqrCOEEI5WxRP9EUI5oFQHvKgEQ9dkRIo9ytVA6FERJdTHkXwten9H/SLJd4pVS+YMXaCZkhR3bJHjkgnByRGjknddIgksTkjjyQRy/x7r0n73nWOud9zuyQH/BePgCuNJRQ</latexit>

cei�
<latexit sha1_base64="FkuMvjnW03yXS9XYxp1w8mbZMnU=">AAAB8XicdVDLSgMxFM34rPVVdekmWARXQ2ZaW7vRghuXFewD27Fk0kwbmskMSUYoQ//CjQtF3PoZ/oE7/8Z0qqCiBy4czrmXe+/xY86URujdWlhcWl5Zza3l1zc2t7YLO7stFSWS0CaJeCQ7PlaUM0GbmmlOO7GkOPQ5bfvj85nfvqVSsUhc6UlMvRAPBQsYwdpI14TepKwXj9i0Xygi2yk5pfIxRHatVqtUq4Ygt1Rxy9CxUYbi2WspQ6NfeOsNIpKEVGjCsVJdB8XaS7HUjHA6zfcSRWNMxnhIu4YKHFLlpdnFU3holAEMImlKaJip3ydSHCo1CX3TGWI9Ur+9mfiX1010cOKlTMSJpoLMFwUJhzqCs/fhgElKNJ8Ygolk5lZIRlhiok1IeRPC16fwf9JyTVC2e4mK9VMwRw7sgwNwBBxQBXVwARqgCQgQ4A48gEdLWffWk/U8b12wPmf2wA9YLx9CiZOD</latexit>

�bei✓
<latexit sha1_base64="Q95EANsjBkysozTpQUvI4VOCYwU=">AAAB9HicbVA9TwJBEN1DUcQv1NLmIjGhkdxBoZUhsbHERD4SOMneMsCGvb1zd46EXPgdNhYaY2tp71+w0n/j8lEo+JJJXt6bycw8PxJco+N8W6m19fTGZmYru72zu7efOzis6zBWDGosFKFq+lSD4BJqyFFAM1JAA19Awx9eTf3GCJTmobzFcQReQPuS9zijaCTvzIe7hLdxAEgnnVzeKToz2KvEXZB8JV0uvH/Jj2on99nuhiwOQCITVOuW60ToJVQhZwIm2XasIaJsSPvQMlTSALSXzI6e2KdG6dq9UJmSaM/U3xMJDbQeB77pDCgO9LI3Ff/zWjH2LryEyyhGkGy+qBcLG0N7moDd5QoYirEhlClubrXZgCrK0OSUNSG4yy+vknqp6JaLpRuTxiWZI0OOyQkpEJeckwq5JlVSI4zckwfyRJ6tkfVovViv89aUtZg5In9gvf0AVriVeg==</latexit>

z
<latexit sha1_base64="XveyQlHyt93sHuqAadQAhGzSM44=">AAAB6HicdZDLSgMxFIYz9VbrrerSTbAIroZMS2lnowU3LluwF2iHkkkzbWwmMyQZoQ59AjcuFHHrq/gG7nwbM62Civ4Q+Pn+c8g5x485Uxqhdyu3srq2vpHfLGxt7+zuFfcPOipKJKFtEvFI9nysKGeCtjXTnPZiSXHoc9r1pxdZ3r2hUrFIXOlZTL0QjwULGMHaoNbtsFhCtluvVit1iGyE3LJbM8Z1XafmQMeQTKXz18pCzWHxbTCKSBJSoQnHSvUdFGsvxVIzwum8MEgUjTGZ4jHtGytwSJWXLgadwxNDRjCIpHlCwwX93pHiUKlZ6JvKEOuJ+p1l8K+sn+ig7qVMxImmgiw/ChIOdQSzreGISUo0nxmDiWRmVkgmWGKizW0K5ghfm8L/TadsOxW73EKlxhlYKg+OwDE4BQ6ogQa4BE3QBgRQcAcewKN1bd1bT9bzsjRnffYcgh+yXj4AcyuPkw==</latexit>



⇡s ⇡t

a
<latexit sha1_base64="yNvyrBItUedRFZ8qXr5A/DVOFmY=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LLaCp5LUg56k4MVjBVsLbSibzaZdutmE3U2hhPwTLx4U8eo/8ea/cZvmoK0PBh7vzezsPD/hTGnH+bYqG5tb2zvV3dre/sHhkX180lNxKgntkpjHsu9jRTkTtKuZ5rSfSIojn9Mnf3q38J9mVCoWi0c9T6gX4bFgISNYG2lk29mweCSTNMgbuJGP7LrTdAqgdeKWpA4lOiP7axjEJI2o0IRjpQauk2gvw1IzwmleG6aKJphM8ZgODBU4osrLiqU5ujBKgMJYmhIaFerviQxHSs0j33RGWE/UqrcQ//MGqQ5vvIyJJNVUkOWiMOVIx2gRAwqYpETzuSGYSGb+isgES0y0CatmQnBXT14nvVbTvWq2Hlr19m0ZRxXO4BwuwYVraMM9dKALBGbwDK/wZmXWi/VufSxbK1Y5cwp/YH3+AJRHk5g=</latexit>

b
<latexit sha1_base64="Nmy5/NFEP+Hv68Ju3Eny3EZZceI=">AAAB+nicbVA9T8MwEHXKVylfKYwsFi0SU5WUASZUiYWxSLRFaqPKcS+tVceJbAdUhfwUFgYQYuWXsPFvcNMM0PKkk57eu/P5nh9zprTjfFultfWNza3ydmVnd2//wK4edlWUSAodGvFI3vtEAWcCOpppDvexBBL6HHr+9Hru9x5AKhaJOz2LwQvJWLCAUaKNNLSr6SB/JPV5Alndr2dDu+Y0nBx4lbgFqaEC7aH9NRhFNAlBaMqJUn3XibWXEqkZ5ZBVBomCmNApGUPfUEFCUF6ab83wqVFGOIikKaFxrv6eSEmo1Cz0TWdI9EQte3PxP6+f6ODSS5mIEw2CLhYFCcc6wvMc8IhJoJrPDCFUMvNXTCdEEqpNWhUTgrt88irpNhvueaN526y1roo4yugYnaAz5KIL1EI3qI06iKJH9Ixe0Zv1ZL1Y79bHorVkFTNH6A+szx9m7ZQQ</latexit>

c
<latexit sha1_base64="p+oxpL27YmJuboZEY8HSvEC3ePI=">AAAB+3icbVC7TsMwFHXKq5RXKCOLRYvEVCVlgAlVYmEsEn1IbVQ57k1r1XEi20FUUX6FhQGEWPkRNv4GN80ALUe60tE59/r6Hj/mTGnH+bZKG5tb2zvl3cre/sHhkX1c7aookRQ6NOKR7PtEAWcCOpppDv1YAgl9Dj1/drvwe48gFYvEg57H4IVkIljAKNFGGtnVdJg/kk4kgMjqtJ6N7JrTcHLgdeIWpIYKtEf213Ac0SQEoSknSg1cJ9ZeSqRmlENWGSYKYkJnZAIDQwUJQXlpvjbD50YZ4yCSpoTGufp7IiWhUvPQN50h0VO16i3E/7xBooNrL2UiTjQIulwUJBzrCC+CwGMmgWo+N4RQycxfMZ0SSag2cVVMCO7qyeuk22y4l43mfbPWuiniKKNTdIYukIuuUAvdoTbqIIqe0DN6RW9WZr1Y79bHsrVkFTMn6A+szx8z9ZSE</latexit>

How are weights related to densities?
<latexit sha1_base64="fFRaYxIHxvNIXmc4uJqf34qtcvU=">AAACDnicbVC7SgNBFJ31GeNr1dJmMASswm4stNKATcoI5gFJCLOzN8mQ2dll5q4hhHyBjb9iY6GIrbWdf+PkUWjigQuHc+7lck6QSGHQ876dtfWNza3tzE52d2//4NA9Oq6ZONUcqjyWsW4EzIAUCqooUEIj0cCiQEI9GNxO/foDaCNidY+jBNoR6ynRFZyhlTpuvhwPKdNAhyB6fTRUg2QIIcWYhqCMQAHmpuPmvII3A10l/oLkyAKVjvvVCmOeRqCQS2ZM0/cSbI+ZRsElTLKt1EDC+ID1oGmpYhGY9ngWZ0LzVglpN9Z2FNKZ+vtizCJjRlFgNyOGfbPsTcX/vGaK3av2WKgkRVB8/qibymnWaTc0FBo4ypEljGsbnVPeZ5pxtA1mbQn+cuRVUisW/ItC8a6YK10v6siQU3JGzolPLkmJlEmFVAknj+SZvJI358l5cd6dj/nqmrO4OSF/4Hz+AL6Bm+c=</latexit>

⇡(1� s� t)
<latexit sha1_base64="d7llsqcJNXzzzLTb4tzCyvL3Z8o=">AAAB8XicbVBNS8NAEJ3Ur1q/6sfNS7AI9dCSVEGPBS8eK9gPbEPZbDft0s0m7E6EEvovvHhQxKv/xpv/xm3ag7Y+GHi8N8PMPD8WXKPjfFu5tfWNza38dmFnd2//oHh41NJRoihr0khEquMTzQSXrIkcBevEipHQF6ztj29nfvuJKc0j+YCTmHkhGUoecErQSI+9mJfdiq7gRb9YcqpOBnuVuAtSqp8EGRr94ldvENEkZBKpIFp3XSdGLyUKORVsWuglmsWEjsmQdQ2VJGTaS7OLp/a5UQZ2EClTEu1M/T2RklDrSeibzpDgSC97M/E/r5tgcOOlXMYJMknni4JE2BjZs/ftAVeMopgYQqji5labjogiFE1IBROCu/zyKmnVqu5ltXZv0riCOfJwCmdQBheuoQ530IAmUJDwDK/wZmnrxXq3PuatOWsxcwx/YH3+AK6JkoA=</latexit>

If a � b+ c, system is “frozen” in all red.
<latexit sha1_base64="Z17e4ocZLfj1aI1QlaKLhG4hzMA=">AAACF3icbVA9SwNBEN3zM8avqKXNkkQQlOMuFlpJwEa7COYDkpDs7c0lS/b2jt09IYb8Cxv/io2FIrba+W/cJFdo4oOBx3szzMzzYs6Udpxva2l5ZXVtPbOR3dza3tnN7e3XVJRIClUa8Ug2PKKAMwFVzTSHRiyBhB6Huje4mvj1e5CKReJOD2Noh6QnWMAo0Ubq5OybABdJqwfYO6HFU6yGSkOImcLdbiCjBxB5zAQmnGMJvt3JFRzbmQIvEjclBZSi0sl9tfyIJiEITTlRquk6sW6PiNSMchhnW4mCmNAB6UHTUEFCUO3R9K8xPjKKj4NImhIaT9XfEyMSKjUMPdMZEt1X895E/M9rJjq4aI+YiBMNgs4WBQnHOsKTkLDPJFDNh4YQKpm5FdM+kYRqE2XWhODOv7xIaiXbPbNLt6VC+TKNI4MOUR4dIxedozK6RhVURRQ9omf0it6sJ+vFerc+Zq1LVjpzgP7A+vwBR3CdgQ==</latexit>

In particular,
<latexit sha1_base64="jK1Mg1LBrtX/n0QXI0PTcYHOVaA=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgQkpSF7qSghvdVbAPaGOZTCft0MkkzEMpof/hxoUibv0Xd/6N0zQLbT1w4XDOvTP3niDhTGnX/XYKK6tr6xvFzdLW9s7uXnn/oKViIwltkpjHshNgRTkTtKmZ5rSTSIqjgNN2ML6e+e1HKhWLxb2eJNSP8FCwkBGsrfRwK1CCpWbEcCzP+uWKW3UzoGXi5aQCORr98ldvEBMTUaEJx0p1PTfRfpq9yOm01DOKJpiM8ZB2LRU4ospPs62n6MQqAxTG0pbQKFN/T6Q4UmoSBbYzwnqkFr2Z+J/XNTq89FMmEqOpIPOPQsORjtEsAjRgkhLNJ5ZgIpndFZERlphoG1TJhuAtnrxMWrWqd16t3dUq9as8jiIcwTGcggcXUIcbaEATCEh4hld4c56cF+fd+Zi3Fpx85hD+wPn8AR30kj4=</latexit>

if b � a+ c, system is frozen in all blue;
<latexit sha1_base64="6PAgk19lFptWajG9wFRFR5F07F4=">AAACFXicbVBNS8NAEN34WetX1KOXxVYQLCWpBwVBCl48VrAf0Iay2U7apZtN2N0IsfRPePGvePGgiFfBm//GbZuDtj4YeLw3w8w8P+ZMacf5tpaWV1bX1nMb+c2t7Z1de2+/oaJEUqjTiEey5RMFnAmoa6Y5tGIJJPQ5NP3h9cRv3oNULBJ3Oo3BC0lfsIBRoo3UtUsswEW/0wdMTmmxhFWqNISYKRzI6AEEZgITzrHPE7js2gWn7EyBF4mbkQLKUOvaX51eRJMQhKacKNV2nVh7IyI1oxzG+U6iICZ0SPrQNlSQEJQ3mn41xsdG6eEgkqaExlP198SIhEqloW86Q6IHat6biP957UQHF96IiTjRIOhsUZBwrCM8iQj3mASqeWoIoZKZWzEdEEmoNkHmTQju/MuLpFEpu2flym2lUL3K4sihQ3SETpCLzlEV3aAaqiOKHtEzekVv1pP1Yr1bH7PWJSubOUB/YH3+AHlHnSU=</latexit>

if c � a+ b, system is frozen in all green.
<latexit sha1_base64="Dxl80BGw4ggGjbNlMH6sewXrqcU=">AAACFnicbVDLSgNBEJyNrxhfqx69DCaCoIbdeNCTBLx4jGAekCxhdtKbDJmdWWZmhRjyFV78FS8eFPEq3vwbJ4+DJhY0FFXddHeFCWfaeN63k1laXlldy67nNja3tnfc3b2alqmiUKWSS9UIiQbOBFQNMxwaiQIShxzqYf967NfvQWkmxZ0ZJBDEpCtYxCgxVmq7ZyzCBdrqAiYnYeEU64E2EGOmcaTkAwjMBCac464CEMW2m/eK3gR4kfgzkkczVNruV6sjaRqDMJQTrZu+l5hgSJRhlMMo10o1JIT2SRealgoSgw6Gk7dG+MgqHRxJZUsYPFF/TwxJrPUgDm1nTExPz3tj8T+vmZroMhgykaQGBJ0uilKOjcTjjHCHKaCGDywhVDF7K6Y9ogg1NsmcDcGff3mR1EpF/7xYui3ly1ezOLLoAB2iY+SjC1RGN6iCqoiiR/SMXtGb8+S8OO/Ox7Q148xm9tEfOJ8/OR6diw==</latexit>

s =density of green
t =density of blue

1� s� t =density of red
<latexit sha1_base64="/PnKQoz0dsZFc8elux8M85dh8tY=">AAACAHicbVA9SwNBEN2LXzF+RS0sbBYTwSbhLo02SsDGMoL5gCSEvb25ZMne3rE7J4SQxr9iY6GIrT/Dzn/j5qPQxAcDj/dmmJnnJ1IYdN1vJ7O2vrG5ld3O7ezu7R/kD48aJk41hzqPZaxbPjMghYI6CpTQSjSwyJfQ9Ie3U7/5CNqIWD3gKIFuxPpKhIIztFIvf1L0SqaE9LoYgDICRzQOqYagly+4ZXcGukq8BSmQBWq9/FcniHkagUIumTFtz02wO2YaBZcwyXVSAwnjQ9aHtqWKRWC649kDE3pulYCGsbalkM7U3xNjFhkzinzbGTEcmGVvKv7ntVMMr7pjoZIUQfH5ojCVFGM6TYMGQgNHObKEcS3srZQPmGYcbWY5G4K3/PIqaVTKnlv27iuF6s0ijiw5JWfkgnjkklTJHamROuFkQp7JK3lznpwX5935mLdmnMXMMfkD5/MHVvyU8g==</latexit><latexit sha1_base64="/PnKQoz0dsZFc8elux8M85dh8tY=">AAACAHicbVA9SwNBEN2LXzF+RS0sbBYTwSbhLo02SsDGMoL5gCSEvb25ZMne3rE7J4SQxr9iY6GIrT/Dzn/j5qPQxAcDj/dmmJnnJ1IYdN1vJ7O2vrG5ld3O7ezu7R/kD48aJk41hzqPZaxbPjMghYI6CpTQSjSwyJfQ9Ie3U7/5CNqIWD3gKIFuxPpKhIIztFIvf1L0SqaE9LoYgDICRzQOqYagly+4ZXcGukq8BSmQBWq9/FcniHkagUIumTFtz02wO2YaBZcwyXVSAwnjQ9aHtqWKRWC649kDE3pulYCGsbalkM7U3xNjFhkzinzbGTEcmGVvKv7ntVMMr7pjoZIUQfH5ojCVFGM6TYMGQgNHObKEcS3srZQPmGYcbWY5G4K3/PIqaVTKnlv27iuF6s0ijiw5JWfkgnjkklTJHamROuFkQp7JK3lznpwX5935mLdmnMXMMfkD5/MHVvyU8g==</latexit><latexit sha1_base64="/PnKQoz0dsZFc8elux8M85dh8tY=">AAACAHicbVA9SwNBEN2LXzF+RS0sbBYTwSbhLo02SsDGMoL5gCSEvb25ZMne3rE7J4SQxr9iY6GIrT/Dzn/j5qPQxAcDj/dmmJnnJ1IYdN1vJ7O2vrG5ld3O7ezu7R/kD48aJk41hzqPZaxbPjMghYI6CpTQSjSwyJfQ9Ie3U7/5CNqIWD3gKIFuxPpKhIIztFIvf1L0SqaE9LoYgDICRzQOqYagly+4ZXcGukq8BSmQBWq9/FcniHkagUIumTFtz02wO2YaBZcwyXVSAwnjQ9aHtqWKRWC649kDE3pulYCGsbalkM7U3xNjFhkzinzbGTEcmGVvKv7ntVMMr7pjoZIUQfH5ojCVFGM6TYMGQgNHObKEcS3srZQPmGYcbWY5G4K3/PIqaVTKnlv27iuF6s0ijiw5JWfkgnjkklTJHamROuFkQp7JK3lznpwX5935mLdmnMXMMfkD5/MHVvyU8g==</latexit><latexit sha1_base64="/PnKQoz0dsZFc8elux8M85dh8tY=">AAACAHicbVA9SwNBEN2LXzF+RS0sbBYTwSbhLo02SsDGMoL5gCSEvb25ZMne3rE7J4SQxr9iY6GIrT/Dzn/j5qPQxAcDj/dmmJnnJ1IYdN1vJ7O2vrG5ld3O7ezu7R/kD48aJk41hzqPZaxbPjMghYI6CpTQSjSwyJfQ9Ie3U7/5CNqIWD3gKIFuxPpKhIIztFIvf1L0SqaE9LoYgDICRzQOqYagly+4ZXcGukq8BSmQBWq9/FcniHkagUIumTFtz02wO2YaBZcwyXVSAwnjQ9aHtqWKRWC649kDE3pulYCGsbalkM7U3xNjFhkzinzbGTEcmGVvKv7ntVMMr7pjoZIUQfH5ojCVFGM6TYMGQgNHObKEcS3srZQPmGYcbWY5G4K3/PIqaVTKnlv27iuF6s0ijiw5JWfkgnjkklTJHamROuFkQp7JK3lznpwX5935mLdmnMXMMfkD5/MHVvyU8g==</latexit><latexit sha1_base64="/PnKQoz0dsZFc8elux8M85dh8tY=">AAACAHicbVA9SwNBEN2LXzF+RS0sbBYTwSbhLo02SsDGMoL5gCSEvb25ZMne3rE7J4SQxr9iY6GIrT/Dzn/j5qPQxAcDj/dmmJnnJ1IYdN1vJ7O2vrG5ld3O7ezu7R/kD48aJk41hzqPZaxbPjMghYI6CpTQSjSwyJfQ9Ie3U7/5CNqIWD3gKIFuxPpKhIIztFIvf1L0SqaE9LoYgDICRzQOqYagly+4ZXcGukq8BSmQBWq9/FcniHkagUIumTFtz02wO2YaBZcwyXVSAwnjQ9aHtqWKRWC649kDE3pulYCGsbalkM7U3xNjFhkzinzbGTEcmGVvKv7ntVMMr7pjoZIUQfH5ojCVFGM6TYMGQgNHObKEcS3srZQPmGYcbWY5G4K3/PIqaVTKnlv27iuF6s0ijiw5JWfkgnjkklTJHamROuFkQp7JK3lznpwX5935mLdmnMXMMfkD5/MHVvyU8g==</latexit>



How to solve the variational problem?

The Euler-Lagrange equation for a gradient model is
<latexit sha1_base64="H8d21X/DPExwCQnKdW0DO4uekG0=">AAACHHicbVC7SgNBFJ31GeMramkzGAQbw25SaCWCCBYWEfIQ4hLuzt5NBmd31plZISx+iI2/YmOhiI2F4N842aTwdarDOffOnHuCVHBtXPfTmZmdm19YLC2Vl1dW19YrG5sdLTPFsM2kkOoyAI2CJ9g23Ai8TBVCHAjsBtcnY797i0pzmbTMKEU/hkHCI87AWKlfabSGSE8zgWr/HAYKkgFSvMkKl0ZSUaBWDTkmhsYyREG57l eqbs0tQP8Sb0qqZIpmv/J+FUqWxfYRJkDrnuemxs9BGc4E3pWvMo0psGsYYM/SBGLUfl4cd0d3rRIWUSJpQxTq940cYq1HcWAnYzBD/dsbi/95vcxEh37OkzQzmLDJR1EmqJF03BQNuUJmxMgSYIrbrJQNQQEzts+yLcH7ffJf0qnXvEatflGvHh9N6yiRbbJD9ohHDsgxOSNN0iaM3JNH8kxenAfnyXl13iajM850Z4v8gPPxBeLZoTw=</latexit>

div (r �(r h)) =
<latexit sha1_base64="2ZURZSxe6e2TgCKa+GbF6vqVW1U=">AAACDnicbVA9SwNBEN3z2/gVtRTkMARiE+5ioY0i2FgqGA3kQpjb20sW9/aO3blgOJI/YGOr/8LGQhFbazv/jZtEQRMfDLx9b4adeX4iuEbH+bSmpmdm5+YXFnNLyyura/n1jUsdp4qyKo1FrGo+aCa4ZFXkKFgtUQwiX7Ar//pk4F91mNI8lhfYTVgjgpbkIaeARmrmix6yG8wC3un1S54EX0Df07wVwc+rvbt72MwXnLIzhD1J3G9SON6+H+DhrJn/8IKYphGTSAVoXXedBBsZKORUsF7OSzVLgF5Di9UNlRAx3ciG5/TsolECO4yVKYn2UP09kUGkdTfyTWcE2Nbj3kD8z6unGB40Mi6TFJmko4/CVNgY24Ns7IArRlF0DQGquNnVpm1QQNEkmDMhuOMnT5LLStndK1fOTRpHZIQFskV2SIm4ZJ8ck1NyRqqEklvySJ7Ji3VnPVmv1tuodcr6ntkkf2C9fwHWO6BM</latexit> x,y

<latexit sha1_base64="/iMZqK/fzfO+I+NVJzQ1FhJtZOE=">AAAB7HicdVDLSsNAFJ3UR2t9VV26GRXFhYQkLW3dFdy4rGDaQhvKZDpph04mYWYiltBvcONCEbf+i1t3foPgNzhpFVT0wIXDOfdy7z1+zKhUlvVq5BYWl5bzhZXi6tr6xmZpa7slo0Rg4uKIRaLjI0kY5cRVVDHSiQVBoc9I2x+fZX77ighJI36pJjHxQjTkNKAYKS251ye9vUm/dGCZp/WqU6lCy7Ssmu3YGXFqlXIF2lrJcNDIv7/FR7nnZr/00htEOAkJV5ghKbu2FSsvRUJRzMi02EskiREeoyHpaspRSKSXzo6dwkOtDGAQCV1cwZn6fSJFoZST0NedIVIj+dvLxL+8bqKCupdSHieKcDxfFCQMqghmn8MBFQQrNtEEYUH1rRCPkEBY6XyKOoSvT+H/pOWYdtl0LnQaJpijAHbBPjgGNqiBBjgHTeACDCi4AXfg3uDGrfFgPM5bc8bnzA74AePpA0XakfU=</latexit>

x,y
<latexit sha1_base64="/iMZqK/fzfO+I+NVJzQ1FhJtZOE=">AAAB7HicdVDLSsNAFJ3UR2t9VV26GRXFhYQkLW3dFdy4rGDaQhvKZDpph04mYWYiltBvcONCEbf+i1t3foPgNzhpFVT0wIXDOfdy7z1+zKhUlvVq5BYWl5bzhZXi6tr6xmZpa7slo0Rg4uKIRaLjI0kY5cRVVDHSiQVBoc9I2x+fZX77ighJI36pJjHxQjTkNKAYKS251ye9vUm/dGCZp/WqU6lCy7Ssmu3YGXFqlXIF2lrJcNDIv7/FR7nnZr/00htEOAkJV5ghKbu2FSsvRUJRzMi02EskiREeoyHpaspRSKSXzo6dwkOtDGAQCV1cwZn6fSJFoZST0NedIVIj+dvLxL+8bqKCupdSHieKcDxfFCQMqghmn8MBFQQrNtEEYUH1rRCPkEBY6XyKOoSvT+H/pOWYdtl0LnQaJpijAHbBPjgGNqiBBjgHTeACDCi4AXfg3uDGrfFgPM5bc8bnzA74AePpA0XakfU=</latexit>

s,t
<latexit sha1_base64="haLIHOl//n0nvdhVPZxB8QOPsQU=">AAAB7HicdVDLSsNAFJ3UR2t9VV26GS2KCwlJWtq6K7hxWcG0hTaUyXTSDp1MwsxEKKHf4MaFIm79F7fu/AbBb3DSKqjogQuHc+7l3nv8mFGpLOvVyC0tr6zmC2vF9Y3Nre3Szm5bRonAxMURi0TXR5IwyomrqGKkGwuCQp+Rjj85z/zONRGSRvxKTWPihWjEaUAxUlpy5Wn/QA1KZcs8a9Scag1apmXVbcfOiFOvVqrQ1kqGcjP//hYf555bg9JLfxjhJCRcYYak7NlWrLwUCUUxI7NiP5EkRniCRqSnKUchkV46P3YGj7QyhEEkdHEF5+r3iRSFUk5DX3eGSI3lby8T//J6iQoaXkp5nCjC8WJRkDCoIph9DodUEKzYVBOEBdW3QjxGAmGl8ynqEL4+hf+TtmPaFdO51GmYYIEC2AeH4ATYoA6a4AK0gAswoOAG3IF7gxu3xoPxuGjNGZ8ze+AHjKcPNp6R6w==</latexit>

0
<latexit sha1_base64="Vvbgxmezx9qmlAfMMjkn0cDUTxg=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVdhNCq00YGOZgLlAsoTZydlkzOzsMjMrhJAnsLFQxNZX8Q3sfBsnmxSa+MPAx/+fw5xzgkRwbVz321lb39jc2s7t5Hf39g8OC0fHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmd56xGV5rG8N+ME/YgOJA85o8ZadbdXKLolNxNZBW8BxZvPSqZar/DV7ccsjVAaJqjWHc9NjD+hynAmcJrvphoTykZ0gB2Lkkao/Uk26JScW6dPwljZJw3J3N8dExppPY4CWxlRM9TL2cz8L+ukJrzyJ1wmqUHJ5h+FqSAmJrOtSZ8rZEaMLVCmuJ2VsCFVlBl7m7w9gre88io0yyWvUirX3WL1GubKwSmcwQV4cAlVuIMaNIABwhO8wKvz4Dw7b877vHTNWfScwB85Hz9wrI7k</latexit>

...
<latexit sha1_base64="5Bf5tBmWQe//phFfr6u/sisN4po=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckk96EkKXjxWtB/QhrLZbtqlm03YnQgl9Cd48aCIV3+RN/+N2zYHbX0w8Hhvhpl5YSqFQc/7dtbWNza3tks75d29/YPDytFxyySZZrzJEpnoTkgNl0LxJgqUvJNqTuNQ8nY4vp357SeujUjUI05SHsR0qEQkGEUrPbiu269UPdebg6wSvyBVKNDoV756g4RlMVfIJDWm63spBjnVKJjk03IvMzylbEyHvGupojE3QT4/dUrOrTIgUaJtKSRz9fdETmNjJnFoO2OKI7PszcT/vG6G0XWQC5VmyBVbLIoySTAhs7/JQGjOUE4soUwLeythI6opQ5tO2YbgL7+8Slo11790a/e1av2miKMEp3AGF+DDFdThDhrQBAZDeIZXeHOk8+K8Ox+L1jWnmDmBP3A+fwBLXo0g</latexit>

Thm[K-Okounkov] z = z(x, y) is a minimizer i↵

y =
z

z � 1
x+ f(z)

for some analytic function f .
<latexit sha1_base64="iTYBq4ppmyru9tZ4RLcWpQhwth8="></latexit>

Idea (Ampère): rewrite in terms of the conformal coordinate z (or w).
<latexit sha1_base64="8BmusCskILNeZ8XyiXIkwqs0PjA=">AAACQXicbVA9bxNBEN1L+Ajmy4GSZoSN5DTWnSlAFCiIBrog4cSSbZm5vbl4lf047c4ROSf/tTT8Azp6GgoQoqVh7biAhCeN9PTejGbm5ZVWgdP0S7K1fe36jZs7t1q379y9d7+9++AwuNpLGkqnnR/lGEgrS0NWrGlUeUKTazrKT16v/KOP5INy9j0vKpoaPLaqVBI5SrP26G1BCL1Xppp8IE97L8DTqVdMoCwweRPAlcBzgm ay3tZ4KpbS2dJ5gxqkc75QFpmW0D3rQs956J529/qzdiftp2vAVZJtSEdscDBrf54UTtaGLEuNIYyztOJpg56V1LRsTepAFcoTPKZxpBYNhWmzvmkJT6JSQLwplmVYq39PNGhCWJg8dhrkebjsrcT/eeOay+fTRtmqZrLyYlFZa2AHqzihUJ4k60UkKGNuSoKco0cZswutGEJ2+eWr5HDQz572B+8Gnf2Xmzh2xCPxWPREJp6JffFGHIihkOJcfBXfxY/kU/It+Zn8umjdSjYzD8U/SH7/AbAfrxc=</latexit>

...a nonlinear PDE.
<latexit sha1_base64="iIbgTMjh4FTf0MDRg2B9vF7YGu4=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUjqQldSUMFlBfuANpTJdNoOnUzCzEQIof6KGxeKuPVD3Pk3TtostPXAhcM5987ce4KYM6Vd99sqra1vbG6Vtys7u3v7B/bhUVtFiSS0RSIeyW6AFeVM0JZmmtNuLCkOA047wfQ69zuPVCoWiQedxtQP8ViwESNYG2lgVx3HwUhEIn8AS9S8uXUGds113DnQKvEKUoMCzYH91R9GJAmp0IRjpXqeG2s/w1Izwums0k8UjTGZ4jHtGSpwSJWfzZefoVOjDNEokqaERnP190SGQ6XSMDCdIdYTtezl4n9eL9GjSz9jIk40FWTx0SjhSEcoTwINmaRE89QQTCQzuyIywRITbfKqmBC85ZNXSbvueOdO/b5ea1wVcZThGE7gDDy4gAbcQRNaQCCFZ3iFN+vJerHerY9Fa8kqZqrwB9bnD4LIk18=</latexit>



One can solve the minimization problem for “polygonal” boundary conditions...
<latexit sha1_base64="uJbSjFQR6c+AKG7g1FaEwQgdPRY="></latexit>

in which case the arctic boundary is an algebraic curve.
<latexit sha1_base64="erg3wrPg2oySl4iJiGG6DbJ5l2A=">AAACIXicbVC7SgNBFJ31GeMramkzGASrsBsLU4lgYxnBRCGGcPfmJjs4O7vMzCpLyK/Y+Cs2FoqkE3/GSbKFrwMXDufcB/eEqRTG+v6Ht7C4tLyyWlorr29sbm1XdnbbJsk0UgsTmeibEAxJoahlhZV0k2qCOJR0Hd6dT/3re9JGJOrK5il1YxgqMRAI1km9SkMo/hAJjDi6LdxGxEGjFcjDJFN90DkXhoPiIIcUanAGZvqear1K1a/5M/C/JChIlRVo9iqT236CWUzKogRjOoGf2u4ItDsmaVy+zQylgHcwpI6jCmIy3dHswzE/dEqfDxLtSlk+U79PjCA2Jo9D1xmDjcxvbyr+53UyO2h0R0KlmSWF80ODTHKb8GlcvC80oZW5I4BaTIPBCDSgdaGWXQjB75f/kna9FhzX6pf16tlpEUeJ7bMDdsQCdsLO2AVrshZD9sie2St78568F+/dm8xbF7xiZo/9gPf5BaxSozI=</latexit>



Arctic circle theorem [Jockusch-Propp-Shor, Cohn-Larsen-Propp]
<latexit sha1_base64="Y/iivDOJ5Vq3UM6H8/M1Nbtd3qA="></latexit>



x
(t� a1)(t� a2)(t� a3)

(t� c1)(t� c2)(t� c3)
+ y

(t� b1)(t� b2)(t� b3)

(t� c1)(t� c2)(t� c3)
= 1

a1 < b1 < c1 < a2 < · · · < c3

The arctic boundary is the envelope of a pencil of lines containing all boundary
edges in order.

t 2 R [ {1}
<latexit sha1_base64="lBARsdDsIn9iBBiWGBv+/XeSIwY=">AAACBnicbVDLSsNAFJ34rPUVdSnKYBFclaQudCUFNy6r2Ac0oUymk3boZBJmboQSunLjL+gfuHGhiFu/wZ1/46TtQlsPXDiccy/33hMkgmtwnG9rYXFpeWW1sFZc39jc2rZ3dhs6ThVldRqLWLUCopngktWBg2CtRDESBYI1g8Fl7jfvmNI8lrcwTJgfkZ7kIacEjNSxD8DjMvMiAv0gwDcjj6aJlxkthKE36tglp+yMgeeJOyWl6uFjjqdax/7yujFNIyaBCqJ123US8DOigFPBRkUv1SwhdEB6rG2oJBHTfjZ+Y4SPjdLFYaxMScBj9fdERiKth1FgOvN79ayXi/957RTCcz/jMkmBSTpZFKYCQ4zzTHCXK0ZBDA0hVHFzK6Z9oggFk1zRhODOvjxPGpWye1quXJs0LtAEBbSPjtAJctEZqqIrVEN1RNE9ekav6M16sF6sd+tj0rpgTWf20B9Ynz9nJJ1z</latexit>

For t 2 H, get z = z(x, y) in the interior.
<latexit sha1_base64="OeK5n42pvRn3tx0TKO/bENXEMbc=">AAACH3icbVDLSgMxFM34tr6qLt0EW0FBykwFdaMUBOlSwarQlpJJ77ShmWRI7oh16J+48VfcuFBE3Pk3prULX2eTwzn3kntOmEhh0fc/vInJqemZ2bn53MLi0vJKfnXt0urUcKhxLbW5DpkFKRTUUKCE68QAi0MJV2HvZOhf3YCxQqsL7CfQjFlHiUhwhk5q5fdPtaFFbAiVNWKG3TCk1UFxl3YAafHu6G77dre/U6RCUeyCexCM0KbUyhf8kj8C/UuCMSmQMc5a+fdGW/M0BoVcMmvrgZ9gM2MGBZcwyDVSCwnjPdaBuqOKxWCb2SjfgG45pU0jd2mkFdKR+n0jY7G1/Th0k8MM9rc3FP/z6ilGh81MqCRFUPzroyiVFDUdlkXbwgBH2XeEcSPcrZR3mWHc1WBzroTgd+S/5LJcCvZK5fNyoXI8rmOObJBNsk0CckAqpErOSI1wck8eyTN58R68J+/Ve/sanfDGO+vkB7yPT4g6oMo=</latexit>



Lozenges and monotone nonintersecting lattice paths
<latexit sha1_base64="aW4l7hhWRAO1CR8oIA0OT4MmEq0=">AAACHHicbVA9SwNBEN3zM8avqKXNYhCswl1SaCUBGwuLCOYDkhD2NpNkyd7usTsnxJAfYuNfsbFQxMZC8N+4l6TQxAcLj/dmZmdeGEth0fe/vZXVtfWNzcxWdntnd28/d3BYszoxHKpcS20aIbMghYIqCpTQiA2wKJRQD4dXqV+/B2OFVnc4iqEdsb4SPcEZOqmTK93oB1B9sJSpLo200qgVUKWVUOj6gKNQfSoZouBAY4YD28nl/YI/BV0mwZzkyRyVTu6z1dU8iUAhl8zaZuDH2B4z42ZKmGRbiYWY8SHrQ9NRxSKw7fH0uAk9dUqX9rRxTyGdqr87xiyydhSFrjJKt1v0UvE/r5lg76I9FipOEBSffdRLJEVN06RoVxh3vRw5wrgRblfKB8wwnuaSdSEEiycvk1qxEJQKxdtivnw5jyNDjskJOSMBOSdlck0qpEo4eSTP5JW8eU/ei/fufcxKV7x5zxH5A+/rBwiaopA=</latexit>

tra�c flow?
<latexit sha1_base64="zXhIJ6orOf6bEU+hrRN7DHZKKVw=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmIzGxIndYaKUkNpaYyEcCF7K37MGGvb1zdw5DCL/DxkJjbP0xdv4bF7hCwZdM8va9mezMCxIpDLrut5NbW9/Y3MpvF3Z29/YPiodHDROnmvE6i2WsWwE1XArF6yhQ8laiOY0CyZvB8HbmN0dcGxGrBxwn3I9oX4lQMIpW8lHT0D5IKOOnm26x5JbdOcgq8TJSggy1bvGr04tZGnGFTFJj2p6boD+hGgWTfFropIYnlA1pn7ctVTTixp/Ml56SM6v0SBhrWwrJXP09MaGRMeMosJ0RxYFZ9mbif147xfDKnwiVpMgVW3wUppJgTGYJkJ7QnKEcW0KZFnZXwgZUU4Y2p4INwVs+eZU0KmXvoly5r5Sq11kceTiBUzgHDy6hCndQgzoweIRneIU3Z+S8OO/Ox6I152Qzx/AHzucPj06R8A==</latexit>

ti
m
e

<latexit sha1_base64="gIIBQRhTYYlqBo8cunArcqoy6gQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqST1oCcpePFYwX5AG8pmO2mX7m7C7kYooX/BiwdFvPqHvPlv3KY5aOuDgcd7M8zMCxPOtPG8b6e0sbm1vVPereztHxweVY9POjpOFcU2jXmseiHRyJnEtmGGYy9RSETIsRtO7xZ+9wmVZrF8NLMEA0HGkkWMEpNLTOCwWvPqXg53nfgFqUGB1rD6NRjFNBUoDeVE677vJSbIiDKMcpxXBqnGhNApGWPfUkkE6iDLb527F1YZuVGsbEnj5urviYwIrWcitJ2CmIle9Rbif14/NdFNkDGZpAYlXS6KUu6a2F087o6YQmr4zBJCFbO3unRCFKHGxlOxIfirL6+TTqPuX9UbD41a87aIowxncA6X4MM1NOEeWtAGChN4hld4c4Tz4rw7H8vWklPMnMIfOJ8/LomOTw==</latexit>

space
<latexit sha1_base64="Rp67BcNzYBvxwAMpTWsAhLUVEOk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nqQU9S8OKxgmkLbSib7aRdutmE3Y1QQn+DFw+KePUHefPfuG1z0NYHC4/3ZmZnXpgKro3rfjuljc2t7Z3ybmVv/+DwqHp80tZJphj6LBGJ6oZUo+ASfcONwG6qkMahwE44uZv7nSdUmify0UxTDGI6kjzijBor+TqlDAfVmlt3FyDrxCtIDQq0BtWv/jBhWYzSMEG17nluaoKcKsOZwFmln2m0gyd0hD1LJY1RB/li2Rm5sMqQRImyTxqyUH935DTWehqHtjKmZqxXvbn4n9fLTHQT5FymmUHJlh9FmSAmIfPLyZArZEZMLaFMcbsrYWOqKDM2n4oNwVs9eZ20G3Xvqt54aNSat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9KSU/Scwh84nz/iDY62</latexit>



space
<latexit sha1_base64="Rp67BcNzYBvxwAMpTWsAhLUVEOk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nqQU9S8OKxgmkLbSib7aRdutmE3Y1QQn+DFw+KePUHefPfuG1z0NYHC4/3ZmZnXpgKro3rfjuljc2t7Z3ybmVv/+DwqHp80tZJphj6LBGJ6oZUo+ASfcONwG6qkMahwE44uZv7nSdUmify0UxTDGI6kjzijBor+TqlDAfVmlt3FyDrxCtIDQq0BtWv/jBhWYzSMEG17nluaoKcKsOZwFmln2m0gyd0hD1LJY1RB/li2Rm5sMqQRImyTxqyUH935DTWehqHtjKmZqxXvbn4n9fLTHQT5FymmUHJlh9FmSAmIfPLyZArZEZMLaFMcbsrYWOqKDM2n4oNwVs9eZ20G3Xvqt54aNSat0UcZTiDc7gED66hCffQAh8YcHiGV3hzpPPivDsfy9KSU/Scwh84nz/iDY62</latexit>

ti
m
e

<latexit sha1_base64="gIIBQRhTYYlqBo8cunArcqoy6gQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqST1oCcpePFYwX5AG8pmO2mX7m7C7kYooX/BiwdFvPqHvPlv3KY5aOuDgcd7M8zMCxPOtPG8b6e0sbm1vVPereztHxweVY9POjpOFcU2jXmseiHRyJnEtmGGYy9RSETIsRtO7xZ+9wmVZrF8NLMEA0HGkkWMEpNLTOCwWvPqXg53nfgFqUGB1rD6NRjFNBUoDeVE677vJSbIiDKMcpxXBqnGhNApGWPfUkkE6iDLb527F1YZuVGsbEnj5urviYwIrWcitJ2CmIle9Rbif14/NdFNkDGZpAYlXS6KUu6a2F087o6YQmr4zBJCFbO3unRCFKHGxlOxIfirL6+TTqPuX9UbD41a87aIowxncA6X4MM1NOEeWtAGChN4hld4c4Tz4rw7H8vWklPMnMIfOJ8/LomOTw==</latexit>

During each time unit,
speed equals 0 or 1.

<latexit sha1_base64="ZejACHFhX1qsJHpk7G1d5voi4Rw="></latexit>



r = 1
<latexit sha1_base64="k8ZAgDZLZwkALTjVArnbCGpI6cI=">AAAB6nicbZDPTgIxEMZn8R/iP9Sjl0Zi4onswkEvKokXjxgFSWBDumUWGrrdTds1IYRH8OJBY7z6Jr6BN9/GsnBQ8Eua/PJ9M+nMBIng2rjut5NbWV1b38hvFra2d3b3ivsHTR2nimGDxSJWrYBqFFxiw3AjsJUopFEg8CEYXk/zh0dUmsfy3owS9CPalzzkjBpr3akLr1ssuWU3E1kGbw6lq89qpnq3+NXpxSyNUBomqNZtz02MP6bKcCZwUuikGhPKhrSPbYuSRqj9cTbqhJxYp0fCWNknDcnc3x1jGmk9igJbGVEz0IvZ1Pwva6cmPPfHXCapQclmH4WpICYm071JjytkRowsUKa4nZWwAVWUGXudgj2Ct7jyMjQrZa9arty6pdolzJSHIziGU/DgDGpwA3VoAIM+PMELvDrCeXbenPdZac6Z9xzCHzkfP8Zmj6g=</latexit>

r = .1
<latexit sha1_base64="W9dDRx30s9IeiHRp2c+rI7SJBAg=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuBpm2oVu1IIblxXsBdqhZNJMG5pkhiQjlNJXcONCEbc+iW/gzrcxM+1CW38IfPz/OeScEyacaeN5305hbX1jc6u4XdrZ3ds/KB8etXScKkKbJOax6oRYU84kbRpmOO0kimIRctoOx7dZ3n6kSrNYPphJQgOBh5JFjGCTWerK9fvliud6udAq+Auo3HzWcjX65a/eICapoNIQjrXu+l5igilWhhFOZ6VeqmmCyRgPadeixILqYJrPOkNn1hmgKFb2SYNy93fHFAutJyK0lQKbkV7OMvO/rJua6DKYMpmkhkoy/yhKOTIxyhZHA6YoMXxiARPF7KyIjLDCxNjzlOwR/OWVV6FVdf2aW733KvVrmKsIJ3AK5+DDBdThDhrQBAIjeIIXeHWE8+y8Oe/z0oKz6DmGP3I+fgAx8o/g</latexit>

if we penalize changing speed by a factor r per corner...
<latexit sha1_base64="X9qklRkx1CilmbeyC7GeZl0U/EI=">AAACJHicbVC7SgNBFJ31GeNr1dJmMBGslt1YKAgSsLGMYB6QhDA7uZsMmZ1ZZmaVuORjbPwVGwsfWNj4LU4ehSae6nDOudx7T5hwpo3vfzlLyyura+u5jfzm1vbOrru3X9MyVRSqVHKpGiHRwJmAqmGGQyNRQOKQQz0cXI39+h0ozaS4NcME2jHpCRYxSoyVOu4Fi/A94AQE4ewBMO0T0WOih3UC0MXhEBMcEWqkwkVVtDmFqVQClOd5Hbfge/4EeJEEM1JAM1Q67nurK2kagzCUE62bgZ+YdkaUYZTDKN9KNSSEDkgPmpYKEoNuZ5MnR/jYKl0c2UMiKQyeqL8nMhJrPYxDm4yJ6et5byz+5zVTE523MyaS1ICg00VRyrGReNwY7jIF1PChJYQqZm8dt6RsKbbXvC0hmH95kdRKXnDqlW5KhfLlrI4cOkRH6AQF6AyV0TWqoCqi6BE9o1f05jw5L86H8zmNLjmzmQP0B873D1/Do1k=</latexit>

pressure waves
<latexit sha1_base64="+Qc5nvl/m77sI5lU0F6CralTMSs=">AAAB9XicbVC7TgJBFL2LL8QXamkzkZhYkV0stDIkNpaYyCOBlcwOd2HC7OxmZhZCCP9hY6Extv6LnX/jAFsoeJJJTs45N/fOCRLBtXHdbye3sbm1vZPfLeztHxweFY9PGjpOFcM6i0WsWgHVKLjEuuFGYCtRSKNAYDMY3s395giV5rF8NJME/Yj2JQ85o8ZKTzardaqQjOkIdbdYcsvuAmSdeBkpQYZat/jV6cUsjVAaJqjWbc9NjD+lynAmcFbopBoTyoa0j21LJY1Q+9PF1TNyYZUeCWNlnzRkof6emNJI60kU2GREzUCvenPxP6+dmvDGn3KZpAYlWy4KU0FMTOYVkB5XyIyYWEKZ4vZWwgZUUWZsUQVbgrf65XXSqJS9q3LloVKq3mZ15OEMzuESPLiGKtxDDerAQMEzvMKbM3ZenHfnYxnNOdnMKfyB8/kD7BGSww==</latexit>

(large penalty)
<latexit sha1_base64="OA4dtWD2o4uW1sEvrwYKdoHS7qM=">AAAB+HicbVA9SwNBEJ2LXzF+JGppsxiE2IS7WGglARvLCOYDkiPsbSbJkr29Y3dPiEd+iY2FIrb+FDv/jZvkCk18MPB4b4aZeUEsuDau++3kNja3tnfyu4W9/YPDYunouKWjRDFsskhEqhNQjYJLbBpuBHZihTQMBLaDye3cbz+i0jySD2Yaox/SkeRDzqixUr9UrAiqRkhilFSY6UW/VHar7gJknXgZKUOGRr/01RtELAlRGiao1l3PjY2fUmU4Ezgr9BKNMWUTOsKupZKGqP10cfiMnFtlQIaRsiUNWai/J1Iaaj0NA9sZUjPWq95c/M/rJmZ47adcxolByZaLhokgJiLzFMiAK2RGTC2hTHF7K2FjqigzNquCDcFbfXmdtGpV77Jau6+V6zdZHHk4hTOogAdXUIc7aEATGCTwDK/w5jw5L86787FszTnZzAn8gfP5Ax4tkrg=</latexit>

(no penalty)
<latexit sha1_base64="NlgY7BClY2OcTDG3Tf8YC9F6MSA=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRahXspuPehJCl48VrAf0C4lm2bb0GwSkqywlP4NLx4U8eqf8ea/MW33oK0PBh7vzTAzL1KcGev7315hY3Nre6e4W9rbPzg8Kh+ftI1MNaEtIrnU3QgbypmgLcssp12lKU4iTjvR5G7ud56oNkyKR5spGiZ4JFjMCLZO6leFRIoKzG12OShX/Jq/AFonQU4qkKM5KH/1h5KkCRWWcGxML/CVDadYW0Y4nZX6qaEKkwke0Z6jAifUhNPFzTN04ZQhiqV2JSxaqL8npjgxJksi15lgOzar3lz8z+ulNr4Jp0yo1FJBlovilCMr0TwANGSaEsszRzDRzN2KyBhrTKyLqeRCCFZfXiftei24qtUf6pXGbR5HEc7gHKoQwDU04B6a0AICCp7hFd681Hvx3r2PZWvBy2dO4Q+8zx9e2ZE7</latexit>
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plot of ��
<latexit sha1_base64="Xa8o0BuS1iF48A5PIFUC9b4qycQ=">AAAB+nicbVA9SwNBEJ3zM8avi5Y2i4lgY7hLo5UEbCwjmA9IjrC32UuW7O0eu3tKOPNTbCwUsfWX2Plv3CRXaOKDgcd7M8zMCxPOtPG8b2dtfWNza7uwU9zd2z84dEtHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDPz2w9UaSbFvZkkNIjxULCIEWys1HdLCZcGyQhVLnqaDWNc6btlr+rNgVaJn5My5Gj03a/eQJI0psIQjrXu+l5iggwrwwin02Iv1TTBZIyHtGupwDHVQTY/fYrOrDJAkVS2hEFz9fdEhmOtJ3FoO2NsRnrZm4n/ed3URFdBxkSSGirIYlGUcmQkmuWABkxRYvjEEkwUs7ciMsIKE2PTKtoQ/OWXV0mrVvW9qn9XK9ev8zgKcAKncA4+XEIdbqEBTSDwCM/wCm/Ok/PivDsfi9Y1J585hj9wPn8AzaaTBQ==</latexit><latexit sha1_base64="Xa8o0BuS1iF48A5PIFUC9b4qycQ=">AAAB+nicbVA9SwNBEJ3zM8avi5Y2i4lgY7hLo5UEbCwjmA9IjrC32UuW7O0eu3tKOPNTbCwUsfWX2Plv3CRXaOKDgcd7M8zMCxPOtPG8b2dtfWNza7uwU9zd2z84dEtHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDPz2w9UaSbFvZkkNIjxULCIEWys1HdLCZcGyQhVLnqaDWNc6btlr+rNgVaJn5My5Gj03a/eQJI0psIQjrXu+l5iggwrwwin02Iv1TTBZIyHtGupwDHVQTY/fYrOrDJAkVS2hEFz9fdEhmOtJ3FoO2NsRnrZm4n/ed3URFdBxkSSGirIYlGUcmQkmuWABkxRYvjEEkwUs7ciMsIKE2PTKtoQ/OWXV0mrVvW9qn9XK9ev8zgKcAKncA4+XEIdbqEBTSDwCM/wCm/Ok/PivDsfi9Y1J585hj9wPn8AzaaTBQ==</latexit><latexit sha1_base64="Xa8o0BuS1iF48A5PIFUC9b4qycQ=">AAAB+nicbVA9SwNBEJ3zM8avi5Y2i4lgY7hLo5UEbCwjmA9IjrC32UuW7O0eu3tKOPNTbCwUsfWX2Plv3CRXaOKDgcd7M8zMCxPOtPG8b2dtfWNza7uwU9zd2z84dEtHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDPz2w9UaSbFvZkkNIjxULCIEWys1HdLCZcGyQhVLnqaDWNc6btlr+rNgVaJn5My5Gj03a/eQJI0psIQjrXu+l5iggwrwwin02Iv1TTBZIyHtGupwDHVQTY/fYrOrDJAkVS2hEFz9fdEhmOtJ3FoO2NsRnrZm4n/ed3URFdBxkSSGirIYlGUcmQkmuWABkxRYvjEEkwUs7ciMsIKE2PTKtoQ/OWXV0mrVvW9qn9XK9ev8zgKcAKncA4+XEIdbqEBTSDwCM/wCm/Ok/PivDsfi9Y1J585hj9wPn8AzaaTBQ==</latexit><latexit sha1_base64="Xa8o0BuS1iF48A5PIFUC9b4qycQ=">AAAB+nicbVA9SwNBEJ3zM8avi5Y2i4lgY7hLo5UEbCwjmA9IjrC32UuW7O0eu3tKOPNTbCwUsfWX2Plv3CRXaOKDgcd7M8zMCxPOtPG8b2dtfWNza7uwU9zd2z84dEtHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDPz2w9UaSbFvZkkNIjxULCIEWys1HdLCZcGyQhVLnqaDWNc6btlr+rNgVaJn5My5Gj03a/eQJI0psIQjrXu+l5iggwrwwin02Iv1TTBZIyHtGupwDHVQTY/fYrOrDJAkVS2hEFz9fdEhmOtJ3FoO2NsRnrZm4n/ed3URFdBxkSSGirIYlGUcmQkmuWABkxRYvjEEkwUs7ciMsIKE2PTKtoQ/OWXV0mrVvW9qn9XK9ev8zgKcAKncA4+XEIdbqEBTSDwCM/wCm/Ok/PivDsfi9Y1J585hj9wPn8AzaaTBQ==</latexit><latexit sha1_base64="Xa8o0BuS1iF48A5PIFUC9b4qycQ=">AAAB+nicbVA9SwNBEJ3zM8avi5Y2i4lgY7hLo5UEbCwjmA9IjrC32UuW7O0eu3tKOPNTbCwUsfWX2Plv3CRXaOKDgcd7M8zMCxPOtPG8b2dtfWNza7uwU9zd2z84dEtHLS1TRWiTSC5VJ8SaciZo0zDDaSdRFMchp+1wfDPz2w9UaSbFvZkkNIjxULCIEWys1HdLCZcGyQhVLnqaDWNc6btlr+rNgVaJn5My5Gj03a/eQJI0psIQjrXu+l5iggwrwwin02Iv1TTBZIyHtGupwDHVQTY/fYrOrDJAkVS2hEFz9fdEhmOtJ3FoO2NsRnrZm4n/ed3URFdBxkSSGirIYlGUcmQkmuWABkxRYvjEEkwUs7ciMsIKE2PTKtoQ/OWXV0mrVvW9qn9XK9ev8zgKcAKncA4+XEIdbqEBTSDwCM/wCm/Ok/PivDsfi9Y1J585hj9wPn8AzaaTBQ==</latexit>

s
<latexit sha1_base64="juLKKOHJRHJMTZmvlvGjltWqrm8=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVdhNCq00YGOZgLlAsoTZydlkzOzsMjMrhJAnsLFQxNZX8Q3sfBsnmxSa+MPAx/+fw5xzgkRwbVz321lb39jc2s7t5Hf39g8OC0fHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMbmd56xGV5rG8N+ME/YgOJA85o8Zadd0rFN2Sm4msgreA4s1nJVOtV/jq9mOWRigNE1Trjucmxp9QZTgTOM13U40JZSM6wI5FSSPU/iQbdErOrdMnYazsk4Zk7u+OCY20HkeBrYyoGerlbGb+l3VSE175Ey6T1KBk84/CVBATk9nWpM8VMiPGFihT3M5K2JAqyoy9Td4ewVteeRWa5ZJXKZXrbrF6DXPl4BTO4AI8uIQq3EENGsAA4Qle4NV5cJ6dN+d9XrrmLHpO4I+cjx/WOI8n</latexit>

t
<latexit sha1_base64="XzXtso5Wup+2TIr3MvB6Y4YOeSs=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVdhNCq00YGOZgLlAsoTZyWwyZnZ2mTkrhJAnsLFQxNZX8Q3sfBsnmxSa+MPAx/+fw5xzgkQKg6777aytb2xubed28rt7+weHhaPjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDvLW49cGxGrexwn3I/oQIlQMIrWqmOvUHRLbiayCt4CijeflUy1XuGr249ZGnGFTFJjOp6boD+hGgWTfJrvpoYnlI3ogHcsKhpx40+yQafk3Dp9EsbaPoUkc393TGhkzDgKbGVEcWiWs5n5X9ZJMbzyJ0IlKXLF5h+FqSQYk9nWpC80ZyjHFijTws5K2JBqytDeJm+P4C2vvArNcsmrlMp1t1i9hrlycApncAEeXEIV7qAGDWDA4Qle4NV5cJ6dN+d9XrrmLHpO4I+cjx/XvI8o</latexit>

pressure

waves

<latexit sha1_base64="nMCgP4EzQEKSkbPl/7Rq9eEevBI=">AAACAnicbVDLSsNAFJ34rPUVdSVugkVwVZK60JUU3LisYB/QhDKZ3LRDJzNhZlIpobjxV9y4UMStX+HOv3HaZqGtBwYO595z594Tpowq7brf1srq2vrGZmmrvL2zu7dvHxy2lMgkgSYRTMhOiBUwyqGpqWbQSSXgJGTQDoc303p7BFJRwe/1OIUgwX1OY0qwNlLPPva5oDwCrh3jUyqT4PsPeASqZ1fcqjuDs0y8glRQgUbP/vIjQbLEzCIMK9X13FQHOZaaEgaTsp8pSDEZ4j50DeU4ARXksxMmzplRIicW0jyzy0z97chxotQ4CU1ngvVALdam4n+1bqbjqyCnPM00cDL/KM6Yo4UzzcOJqASi2dgQTCQ1uzpkgCUm2qRWNiF4iycvk1at6l1Ua3e1Sv26iKOETtApOkceukR1dIsaqIkIekTP6BW9WU/Wi/VufcxbV6zCc4T+wPr8AQ44l9U=</latexit>

For r < 1, the surface tension has a di↵erent form:
<latexit sha1_base64="4R8SJZh/yUy5p5kvl1a8zOtbeLM=">AAACHXicbVDLSgNBEJz1GeNr1aOXwUTwIGE3CoqIBATxGME8IAmhd9KbDJl9MDMrhJAf8eKvePGgiAcv4t84m+SgiQUDRXX3dFd5seBKO863tbC4tLyymlnLrm9sbm3bO7tVFSWSYYVFIpJ1DxQKHmJFcy2wHkuEwBNY8/rXab32gFLxKLzXgxhbAXRD7nMG2kht+/QmkjQvL938MdU9pCqRPjCkGsN0hvZAUaAd7vsoMdTUj2Rw0bZzTsEZg84Td0pyZIpy2/5sdiKWBOYHJkCphuvEujUEqTkTOMo2E4UxsD50sWFoCAGq1nDsbkQPjdJJF5tnLhirvyeGECg1CDzTGYDuqdlaKv5XayTaP28NeRgnxi2bLPITQXVE06iMa4lMi4EhwCQ3t1LWAwlMm0CzJgR31vI8qRYL7kmheFfMla6mcWTIPjkgR8QlZ6REbkmZVAgjj+SZvJI368l6sd6tj0nrgjWd2SN/YH39AORcoJc=</latexit>



r = 1 r = .1r = 10

Simulations



r = .25
<latexit sha1_base64="maYJfByfp6tmaRzPl8KEQAF1Mfc=">AAAB7HicbZDLSgMxFIZP6q3WW9Wlm2ARXA0zLaIbteDGZQWnFtqhZNJMG5rJDElGKEOfwY0LRdz6Ir6BO9/G9LLQ1h8CH/9/DjnnhKng2rjuNyqsrK6tbxQ3S1vbO7t75f2Dpk4yRZlPE5GoVkg0E1wy33AjWCtVjMShYA/h8GaSPzwypXki780oZUFM+pJHnBJjLV9dOtWzbrniOu5UeBm8OVSuP2u1OgA0uuWvTi+hWcykoYJo3fbc1AQ5UYZTwcalTqZZSuiQ9FnboiQx00E+HXaMT6zTw1Gi7JMGT93fHTmJtR7Foa2MiRnoxWxi/pe1MxNdBDmXaWaYpLOPokxgk+DJ5rjHFaNGjCwQqridFdMBUYQae5+SPYK3uPIyNKuO5zrenVupX8FMRTiCYzgFD86hDrfQAB8ocHiCF3hFEj2jN/Q+Ky2gec8h/BH6+AHteI+Q</latexit><latexit sha1_base64="FNVo8WktGCxoNI2UHeyu5C1eHjE=">AAAB7HicbZDNSsNAFIVv6l+tf1WXbgaL4CokFdGNWnDjsoJpC20ok+mkHTqZhJmJUEKfwY0LRdz6Ir6BO9/GSdqFth4Y+DjnXubeGyScKe0431ZpZXVtfaO8Wdna3tndq+4ftFScSkI9EvNYdgKsKGeCepppTjuJpDgKOG0H49s8bz9SqVgsHvQkoX6Eh4KFjGBtLE9e2fXzfrXm2E4htAzuHGo3n2eFmv3qV28QkzSiQhOOleq6TqL9DEvNCKfTSi9VNMFkjIe0a1DgiCo/K4adohPjDFAYS/OERoX7uyPDkVKTKDCVEdYjtZjl5n9ZN9XhpZ8xkaSaCjL7KEw50jHKN0cDJinRfGIAE8nMrIiMsMREm/tUzBHcxZWXoVW3Xcd2751a4xpmKsMRHMMpuHABDbiDJnhAgMETvMCrJaxn6816n5WWrHnPIfyR9fEDqHWQHA==</latexit><latexit sha1_base64="FNVo8WktGCxoNI2UHeyu5C1eHjE=">AAAB7HicbZDNSsNAFIVv6l+tf1WXbgaL4CokFdGNWnDjsoJpC20ok+mkHTqZhJmJUEKfwY0LRdz6Ir6BO9/GSdqFth4Y+DjnXubeGyScKe0431ZpZXVtfaO8Wdna3tndq+4ftFScSkI9EvNYdgKsKGeCepppTjuJpDgKOG0H49s8bz9SqVgsHvQkoX6Eh4KFjGBtLE9e2fXzfrXm2E4htAzuHGo3n2eFmv3qV28QkzSiQhOOleq6TqL9DEvNCKfTSi9VNMFkjIe0a1DgiCo/K4adohPjDFAYS/OERoX7uyPDkVKTKDCVEdYjtZjl5n9ZN9XhpZ8xkaSaCjL7KEw50jHKN0cDJinRfGIAE8nMrIiMsMREm/tUzBHcxZWXoVW3Xcd2751a4xpmKsMRHMMpuHABDbiDJnhAgMETvMCrJaxn6816n5WWrHnPIfyR9fEDqHWQHA==</latexit>

<latexit sha1_base64="FNVo8WktGCxoNI2UHeyu5C1eHjE=">AAAB7HicbZDNSsNAFIVv6l+tf1WXbgaL4CokFdGNWnDjsoJpC20ok+mkHTqZhJmJUEKfwY0LRdz6Ir6BO9/GSdqFth4Y+DjnXubeGyScKe0431ZpZXVtfaO8Wdna3tndq+4ftFScSkI9EvNYdgKsKGeCepppTjuJpDgKOG0H49s8bz9SqVgsHvQkoX6Eh4KFjGBtLE9e2fXzfrXm2E4htAzuHGo3n2eFmv3qV28QkzSiQhOOleq6TqL9DEvNCKfTSi9VNMFkjIe0a1DgiCo/K4adohPjDFAYS/OERoX7uyPDkVKTKDCVEdYjtZjl5n9ZN9XhpZ8xkaSaCjL7KEw50jHKN0cDJinRfGIAE8nMrIiMsMREm/tUzBHcxZWXoVW3Xcd2751a4xpmKsMRHMMpuHABDbiDJnhAgMETvMCrJaxn6816n5WWrHnPIfyR9fEDqHWQHA==</latexit><latexit sha1_base64="uTS6VQRnCcNEXQ5jjtR7Fskar98=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4CklB9KIUvHisYNpCG8pmu2mXbjZhdyKU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmRZkUBj3v21lb39jc2i7tlHf39g8OK0fHTZPmmvGApTLV7YgaLoXiAQqUvJ1pTpNI8lY0upv5rSeujUjVI44zHiZ0oEQsGEUrBfrGrV32KlXP9eYgq8QvSBUKNHqVr24/ZXnCFTJJjen4XobhhGoUTPJpuZsbnlE2ogPesVTRhJtwMj92Ss6t0idxqm0pJHP198SEJsaMk8h2JhSHZtmbif95nRzj63AiVJYjV2yxKM4lwZTMPid9oTlDObaEMi3srYQNqaYMbT5lG4K//PIqadZc33P9B69avy3iKMEpnMEF+HAFdbiHBgTAQMAzvMKbo5wX5935WLSuOcXMCfyB8/kDr7yN6A==</latexit>

No limit shape: limit is random.
<latexit sha1_base64="NlPQlSanTJ/e8p8GXUZ+AG7+hvU=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0GwWnZjoVhIwMZKIpgHJEuYnZ1NhsxjmZkVwpLWxl+xsVDE1j+w82+cJFto4oELZ865l7n3RCmj2vj+t1NaWV1b3yhvVra2d3b33P2DlpaZwqSJJZOqEyFNGBWkaahhpJMqgnjESDsaXU/99gNRmkpxb8YpCTkaCJpQjIyV+i68lZBRTg3UQ5SSy+JBNVRIxJJ7fbfqe/4McJkEBamCAo2++9WLJc44EQYzpHU38FMT5kgZihmZVHqZJinCIzQgXUsF4kSH+eySCTyxSgwTqWwJA2fq74kcca3HPLKdHJmhXvSm4n9eNzPJRZhTkWaGCDz/KMkYNBJOY4ExVQQbNrYEYUXtrhAPkULY2PAqNoRg8eRl0qp5wZlXu6tV61dFHGVwBI7BKQjAOaiDG9AATYDBI3gGr+DNeXJenHfnY95acoqZQ/AHzucPLmqZWg==</latexit>



thank you for your attention!
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